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Preface

If a mathematician were asked to name the great epoch-making
works in his science, he might well hesitate in his decision concerning
the product of the ‘nineteenth century; he might even hesitate with
respect to the eighteenth century ; but as to the product of the sixteenth
and seventeenth centuries, and particularly as to the works of the
Greeks in classical times, he would probably have very definite views.
He would certainly include the works of Euclid, Archimedes, and
Apollonius among the products of the Greek civilization, while among
those which contributed to the great renaissance of mathematics in the
seventeenth century he would as certainly include La Géométrie of
Descartes and the Principia of Newton.

But it is one of the curious facts in the study of historical material
that although we have long had the works of Euclid, Archimedes,
Apollonius, and Newton in English, the epoch-making treatise of Des-
cartes has never been printed in our language, or, if so, only in some
obscure and long-since-forgotten edition. Written originally in French,
it was soon after translated into Latin by Van Schooten, and this was
long held to be sufficient for any scholars who might care to follow
the work of Descartes in the first printed treatise that ever appeared
on analytic geometry. At present it is doubtful if many mathemati-
cians read the work in Latin; indeed, it is doubtful if many except the
French scholars consult it very often in the original language in which
it appeared. But certainly a work of this kind ought to be easily access-
ible to American and British students of the history of mathematics,
and in a language with which they are entirely familiar.

On this account, The Open Court Publishing Company has agreed
with the translators that the work should appear in English, and with
such notes as may add to the ease with which it will be read. To this
organization the translators are indebted for the publication of the
book, a labor of love on its part as well as on theirs.

As to the translation itself, an attempt has been made to give the
meaning of the original in simple English rather than to add to the dif-
ficulty of the reader by making it a verbatim reproduction. It is
believed that the student will welcome this policy, being content to go
to the original in case a stricter translation is needed. One of the
translators having used chiefly the Latin edition of Van Schooten, and
the other the original French edition, it is believed that the meaning
which Descartes had in mind has been adequately preserved.
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The Geometry of René Descartes
BOOK I

ProBLEMS THE ConNsTRUCTION OF WHICH REQUIRES ONLY STRAIGHT

Li1NEs AND CIRCLES

ANY problem in geometry can easily be reduced to such terms that
a knowledge of the lengths of certain straight lines is sufficient

for its construction." Just as arithmetic consists of only four or five

operations, namely, addition, subtraction, multiplication, division and the
extraction of roots, which may be considered a kind of division, so in
geometry, to find required lines it is merely necessary to add or subtract
other lines; or else, taking one line which I shall call unity in order to
relate it as closely as possible to numbers,”” and which can in general be
chosen arbitrarily, and having given two other lines, to find a fourth
line which shall be to one of the given lines as the other is to unity
(which is the same as multiplication) ; or, again, to find a fourth line
which is to one of the given lines as unity is to the other (which is
equivalent to division) ; or, finally, to find one, two, or several mean
proportionals between unity and some other line (which is the same

U Large collections of problems of this nature are contained in the following
works: Vincenzo Riccati and Girolamo Saladino, Institutiones Analyticae, Bologna,
1765; Maria Gaetana Agnesi, Istituzioni Analitiche, Milan, 1748; Claude Rabuel,
Commentaires sur la Géométrie de M. Descartes, Lyons, 1730 (hereafter referred
to as Rabuel) ; and other books of the same period or earlier. .

' Van Schooten, in his Latin edition of 1683, has this note: “Per unitatem
intellige lineam quandam determinatam, qua ad quamvis reliquarum linearum talem
relationem habeat, qualem unitas ad certum aliquem numerum.” Geometria a
Renato Des Cartes, una cum notis Florimondi de Beaune, opera aique studio
Francisci & Schooten, Amsterdam, 1683, p. 165 (hereafter referred to as Van
Schooten). . . .

In general, the translation runs page for page with the facing original. On

account of figures and footnotes, however, this plan is occasionally varied, but not
in such a way as to cause the reader any serious inconvenience.
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GEOMETRIE.

LIVRE PREMIER.

Des probiefmes qison peut confEruire [ans
_y employer que des cercles ¢ des
lgnes drostes.

. peuuent facilement reduire atels termes,

s qu’il n’eft befoin parapres que de connoi-

, 2, ftre lalongeur de quelques lignes droites,
8GR &B pour les conftruire.

Et comme toute I’ Arithmetique n’eft compofée, que comme:
de quatre ou cinq operations, qui font I'Addition, lals caleul
Souftraction, la Multiplication, la Diuifion, & I'Extra- thmeti-
&ion des racines, qu’on peut prendre pour vme efpece 3 €

. . ] rapporte
de Divifion : Ainfi n"at’on autre chofe a faire en Geo- auxope-

metrie touchant les lignes qu'on cherche, pour les pre- Goon &
arer a eftre connués, que leur en adioufter d’autres , ou tue.

enofter, Oubien en ayant vne, que 1€ nommeray ['vnité.
pour la rapporter d’autant mieux aux nombres , & qui
peutordinairement eftre prife a difcretion, puis en ayant
encore denx autres, en trouuer voe quatriefme , qui foit
al'vnede ces deux,comme lautre eft al'vnité, ce quieft
le mefine que laMultiplication ; oubien en trouuer vne
quatriefme, quifoital'vne de cesdeux, comme I'vnite

Pp eft
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298 La GEOMETRIE.
eft al'autre, ce qui eft le mefme que la Diuifion; ou enfin
trouuer vne,ou deux ,ou plufieurs moyennes proportion-
nelles entre I'vnité, 8 quelque autre ligne; ce quieftle
me{me quetirer la racine quarrée, on cubique,&c. Etie
ne craindray pas d'introduire ces termes d’Arithmeti-
que en la Geometrie , affin de me rendre plus intel-
ligibile.
LaMulii- Soit par exemple
plicacion. A BUlvnité, & qu'il fail-
E .
le multiplier BD par
c B C, ien’ay qu'aioindre
les poins A & C, puisti-
rer DE paralleleaCA,
& BEeft le produit de
cete Multiplication,
La Divie Qubiens'il faut divifer BE par BD, ayant ioint les
flon. poins E & D, ie tire AC parallele a DE, & BCeftle
P Extra. Produit de cete dinifion.

D A

&iondela Ous'il faut tirer la racine
quasrée. I quarrée de GH , ie luy ad-

ioufte en ligne droite FG,
qui eft 'vnite, & divifant FH
P G X H en deux parties efgales au
point K, du centre K ie tire
le cercle FI H, puis eflevant du point G vne ligne droite
iufques 2 I,2 angles droits fur FH, ceft GI laracine
cherchée. lenedisrienicyde laracine cubique, nydes
autres, a canfe que i'en parleray plus commodement cy

., aprés,
e Mais fouuent onn’a pas befoin de tracer ainfi ces li-
gne




FIRST BOOK

as extracting the square root, cube root, etc., of the given line.”” And
I shall not hesitate to introduce these arithmetical terms into geometry,
for the sake of greater clearness.

For example, let AB be taken as unity, and let it be required
to multiply BD by BC. I have only to join the points A and C, and
draw DE parallel to CA; then BE is the product of BD and BC.

If it be required to divide BE by BD, I join E and D, and draw AC
parallel to DE ; then BC is the result of the division.

If the square root of GH is desired, I add, along the same
straight line, FG equal to unity; then, bisecting FH at K, I describe
the circle FIH about K as a center, and draw from G a perpendicular
and extend it to I, and GI is the required root. I do not speak here of
cube root, or other roots, since I shall speak more conveniently of them
later.

Often it is not necessary thus to draw the lines on paper, but it is
sufficient to designate each by a single letter. Thus, to add the lines
BD and GH, I call one a and the other b, and write a + b. Then a —b
will indicate that b is subtracted from a; ab that a is multiplied by b;

a

3 that a is divided by b; aa or a® that a is multiplied by itself; a® that
this result is multiplied by a, and so on, indefinitely." Again, if I wish
to extract the square root of a*+4b% I write Va*+4b%; if 1 wish to

extract the cube root of a*—b*+-ab?, I write Wa*—b*+Fab?, and sim-
ilarly for other roots.”! Here it must be observed that by a?, b®, and
similar expressions, I ordinarily mean only simple lines, which, how-
ever, ] name squares, cubes, etc., so that I may make use of the terms
employed in algebra."”

¥l While in arithmetic the only exact roots obtainable are those of perfect
powers, in geometry a length can be found which will represent exactly the square
root of a given line, even though this line be not commensurable with unity. Of
other roots, Descartes speaks later.

4l Descartes uses a3, at, a®, as, 'and so on, to represent the respective powers
of a, but he uses both aa and a? without distinction. For example, he often has
aabb, but he also uses ib""

®l Descartes writes : 4/C.a* — 6%+ abb. See original, page 299, line 9.

T At the time this was written, a® was commonly considered to mean the sur-
face of a square whose side is a, and b® to mean the volume of a cube whose side
is b, while b4, b5, ... were unmtelhglble as geometric forms. Descartes here says

that a? does not have this meaning, but means the line obtained by constructing a
third proportional to 1 and @, and so on.

5



GEOMETRY

It should also be noted that all parts of a single line should always
be expressed by the same number of dimensions, provided unity is not
determined by the conditions of the problem. Thus, a® contains as
many dimensions as ab? or b these being the component parts of the

line which I have called ¥Wa*—b>+Fab®. It is not, however, the same
thing when unity is determined, because unity can always be under-
stood, even where there are too many or too few dimensions; thus, if
it be required to extract the cube root of a*b*— b, we must consider the
quantity a2b? divided once by unity, and the quantity b multiplied twice
by unity."”

Finally, so that we may be sure to remember the names of these lines,
a separate list should always be made as often as names are assigned
or changed. For example, we may write, AB=1, that is AB is equal
to 1" GH=a, BD =2, and so on.

If, then, we wish to solve any problem, we first suppose the solution
already effected," and give names to all the lines that seem needful for
its construction,—to those that are unknown as well as to those that
are known."” Then, making no distinction between known and unknown
lines, we must unravel the difficulty in any way that shows most natur-

1 Descartes seems to say that each term must be of the third degree, and that
therefore we must conceive of both a2b2 and b as reduced to the proper dimension.

" Van Schooten adds “seu unitati,” p. 3. Descartes writes, AB201. He
seems to have been the first to use this symbol. Among the few writers who fol-
lowed him, was Hudde (1633-1704). It is very commonly supposed that 20 is a
ligature representing the first two letters (or diphthong) of “aquare.” See, for
example, M. Aubry’s note in W. W. R. Ball’'s Recréations Mathématiques et Prob-
lémes des Temps Anciens et Modernes, French edition, Paris, 1909, Part III, p. 164.

I This plan, as is well known, goes back to Plato. It appears in the work of
Pappus as follows: “In analysis we suppose that which is required to be already
obtained, and consider its connections and antecedents, going back until we reach
either something already known (given in the hypothesis), or else some fundamen-
tal principle (axiom or postulate) of mathematics.” Pappi Alexandrini Collectiones
quac supersunt ¢ libris manu scriptis edidit Latina interpellatione et commentariis
snstruxit Fredericus Hultsch, Berlin, 1876-1878; vol. 11, p. 635 (hereafter referred
to as Pappus). See also Commandinus, Puppz Alexandrini Mathemahfae Collec-
tiones, Bologna, 1588, with later editions.

Pappus of Alexandria was a Greek mathematician who lived about 300 A.D.
His most important work is a mathematical treatise in eight books, of which the
first and part of the second are lost. This was made known to modern scholars
by Commandinus. The work exerted a happy influence on the revival of geometry
in the seventeenth century. Pappus was not himself a mathematician of the first
rank, but he preserved for the world many extracts or analyses of lost works, and
by his commentaries added to their interest.

119l Rabuel calls attention to the use of a, b, ¢, ... for known, and #, ¥, 2, ...
for unknown quantities (p. 20).



Livre PREMIER. 299
gnes fur le papier, &ilfuffitt de lesdefigner par quelques . 4.
lettres, chafcune par voe feule. Comme pour adioufter chiffesen
laligne B DaG H, ie nomme I'vne s & l'autre §,& efcris ip.
a-+ b; Et a-- b,pour fouftraire 4 d’ a; Et 2 b,pour les mul-
tiplier'vne par l'autre; Et 7, pour divifer apar ; Et a a,

X 5
ou a, pour multipliera par foy mefme ; Etz, pour le
multiplier encore vne fois par 2, &ainfi a I'infini ; Et

' 2 2 2
V a+- b, pour tirer la racine quarrée d’ & —+ 4 ; Et

- 3 3
V' C.a--b+abb, pourtirerla racine cubique d’¢ --4
-+ abb, & ainfidesautres.

2

Ouileft a remarquer que par @ ou & "ou femblables,
iene congoy ordinairement que des lignes toutes fim-
ples, encore que pour me feruir des noms vfités enl'Al-
gebre, ie lesnomme des quarrds ou des cubes, &c.

1leftaufly a remarquer que toutes les partiesd’'vne
mefmeligne,fe doiuent ordinairement exprimer par au.
tant de dimenfions I'vne que l'autre, lorfque 'vniten’eft

. . 3
point déterminée enla queftion, comme icy 4 en con-

tientautantqu’ a4 ou 5 ‘dont fe compofe la ligne que

{'ay nommée V'C. a- b + abb: mais que ce neft
pas de mefime lorfque I'vnité eft determinée, a caufe
qu’elle peut eftre foufentendue par toutouilya trop ou
trop peude dimenfions : comme s'il faut tirer la racine
cubique de aabb--4 , il faut penfer que la quantité
aab b eft divifée vne fois par I'vnit€, & que l'autre quan-

tité b eft multiplide deux fois par la mefme.
Ppa2 Au
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Au refte affin de ne pas manquer a fe fauuenir des
nomsde ceslignes, il en faut toufiours faire vn regiftre
fepar¢ , 2 mefure qu'on les pofe ou qu'on leschange,
efcrivamt parexemple.

AB o1, ceftadire,ABefgalar.

GH o«

BD > 4, sec.

Cemmé: Ainfivoulant refoudre quelque problefme, on doit d’a-
;'ifr“:;:" bord le confiderer comme defia fait, & donner des noms
Equatiss atoutes les lignes, quifemblent neceflaires pour le con-
aut & froire, aufly bien a celles qui font inconnués , qu'anx

uent are-
foudre les autres. Puis fans confiderer aucune difference entre ces

Pes, lignes connuéds, & inconnués, ondoit parcounr la diffi-
culté, felon l'ordre qui monftre le plus naturellement
de tous enqu’elle forte elles dependent mutuellement.
les vnes des autres, infques a ce qu’on ait trouu€ moyen
‘d’exprimer vne mefme quantit¢en deux fagons: ce qui
fenomme vne Equation; carlestermes de I'voe de ces
deux fagons font efgaux aceux de l'autre. Et on doic
trouuer autant de telles Equations,qu’ona fuppof¢ de li-
gnes, qui eftoientinconnués. Oubiens’ilnes’en trouue
pas tant, & que nonobftant on n‘ometteriende ce qui eft
defiré en la queftion,cela tefmoigne qu'elle n’eft pasen-
tierement determinée. Et lors on peut prendre a difcre-
tion des lignes connu€s, pour toutes lesinconnués auf-
qu’elles ne correfpond ancune Equation. Aprés celas'il
enrefte encore plufieurs , il.fe faut feruir par ordre de
chafcune des Equations qui reftent aufly , foit enla con-
fiderant toute feuls,foit en la comparanc auec lesautres,
pour expliquer chafcune de ces lignesinconnués; & faire

ainfi



FIRST BOOK

ally the relations between these lines, until we find it possible to express
a single quantity in two ways." This will constitute an equation, since
the terms of one of these two expressions ate together equal to the
terms of the other.

We must find as many such equations as there are supposed to be
unknown lines ;" but if, after considering everything involved, so many
cannot be found, it is evident that the question is not entirely deter-
mined. In such a case we may choose arbitrarily lines of known length
for each unknown line to which there corresponds no equation."

If there are several equations, we must use each in order, cither con-
sidering it alone or comparing it with the others, so as to obtain a value
for each of the unknown lines; and so we must combine them until
there remains a single unknown line™ which is equal to some known
line, or whose square, cube, fourth power, fifth power, sixth power,
etc., is equal to the sum or difference of two or more quantities,"” one
of which is known, while the others consist of mean proportionals
between unity and this square, or cube, or fourth power, etc., multiplied
by other known lines. I may express this as follows:

s =b,
or z*= —asz+b?,
or *=az’+b%z—c',
or *=az*—c*z4-d*, etc.

That is, z, which I take for the unknown quantity, is equal to b; or,
the square of z is equal to the square of b diminished by a multiplied
by z; or, the cube of z is equal to @ multiplied by the square of z, plus
the square of b multiplied by z, diminished by the cube of ¢; and sim-
ilarly for the others.

1 That is, we must solve the resulting simultaneous equations.

02 Van Schooten (p. 149) gives two problems to illustrate this statement. Of
these, the first is as follows: Given a line segment AB containing any point C,
required to produce AB to D so that the rectangle AD.DB shall be equal to the
square on CD. He lets AC=g, CB=10, and BD=2x. Then AD» =a+b+ =,
and CD = b + #, whence ax + bxr+22=0b2+2bxr+ 22 and r = ab—b .

031 Rabuel adds this note: “We may say that every indeterminate problem is an
infinity of determinate problems, or that every problem is determined either by
itself or by him who constructs it” (p. 2

B4 That is, a line represented by x, :r2 :r" EAT

121 Iy the older French, “le quarre. ou Ie cube ou le quarre de quarré, ou le sur-
solide, ou le quarré de cube &c.,” as seen on page 11 (original page 302).

9
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Thus, all the unknown quantities can be expressed in terms of a sin-
gle quantity,"? ‘whenever the problem can be constructed by means of
circles and straight lines, or by conic sections, or even by some other
curve of degree not greater than the third or fourth."

But I shall not stop to explain this in more detail, becauss I should
deprive you of the pleasure of mastering it yourself, as well as of the
advantage of training your mind by working over it, which is in my
opinion the principal benefit to be derived from this science. Because,
I find nothing here so difficult that it cannot be worked out by any one
at all familiar with ordinary geometry and with algebra, who will con-
sider carefully all that is set forth in this treatise.™

1%l See line 20 on the opposite page.
U7 L iterally, “Only one or two degrees greater.”

U8 I the Introduction to the 1637 edition of La Géométrie, Descartes made
the following remark: “In my previous writings I have tried to make my mean-
ing clear to everybody; but I doubt if this treatise will be read by anyone not
familiar with the books on _geometry, and so I have thought it superfluous to repeat
demonstrations contained in them.” See Qcuwres de Descartes, edited by Charles
Adam and Paul Tannery, Paris, 1897-19‘0 vol. VI, p. 368. 1In a letter written
to Mersenne in 1637 Descartes says: “I do not enjoy speakmg in praise of myself,
but since few people can understand my geometry, and since you wish me to
give you my opinion of it, I think it well to say that it is all I could hope for,
and that in La Dlo[:tmque and Les Météores, I have.only tried to persuade people
that my method is better than the ordinary one. I have proved this in my geom-
etry, for in the beginning I have solved a question which, according to Pappus,
could not be solved by any of the ancient geometers.

“Moreover, what I have given in the second book on the nature and properties
of curved lines, and the method of examining them, is, it seems to me, as far
beyond the treatment in the ordmary geometry, as the rhetoric of Cicero is beyond
the a, b, ¢ of children.

“As to the suggestion that what [ have written could easily have been gotten
from Vieta, the very fact that my treatise is hard to understand is due to my
attempt to put nothing in it that I believed to be known either by him or by any
one else. . . . I begin the rules of my algebra with what Vieta wrote at the
very end of his book, De emendatione acquationum. . . . Thus, I begin where
he left off.” Oeuvres de Descartes, publiées par Victor Cousm, Paris, 1824, Vol.
VI, p. 294 (hereafter referred to as Cousin).

In another letter to Mersenne, written April 20, 1646, Descartes writes as
follows: “I have omitted a number 'of things that mlght have made it (the geom-
etry) clearer, but I did this intentionally, and would not have it otherwise. The
only suggestions that have been made concerning changes in it are in regard to
rendering it clearer to readers, but most of these are so malicious that I am com-
pletely disgusted with them.” Cousin, Vol. IX, p X

In a letter to the Princess Elizabeth, Descartes says: “In the solution of a
geometrlcal problem I take care, as far as possible, to use as lines of reference
parallel lines or lines at nght angles; and I use no theorems except those which
assert that the sides of similar triangles are proportional, and that in a right
triangle the square of the hypotenuse is equal to the sum of the squares of the
sides. I do not hesitate to introduce several unknown quantities, so as to reduce the
question to such terms that it shall depend only on these two theorems.” Cousin,
Vol. IX, p. 143.

10



LivRE PREMIER, jor
ainfi enles demeflant, qu’il n'en demeure qu'vne feule,
efgalea quelque autre, qui foit connué , oubien dont le
quarré, oulecube, onle quarréde quarré, oule furfoli-
de, oule quarréde cube, &c. foitefgal a ce, qui {e pro-
duift par'addition, ou fouftraction de deux ou plufieurs
autres quantités ,dont 'vne foit connué , & les autres
foient compofces de quelques moyennes proportions
nelles entre I'vnité, & ce quarré, ou cube , ou quarrd de
quarré,&c. multiplices par d’autres connués. Ce quei'e-
fcris en cete forte.

3 2 4. ou

{ao--a z+bb on
:(’:n a3 +bbzg- ¢v ou

4

zfao a :{ - c’{—i- d. &c.

Ceftadire, 3, que ieprens pour la quantité inconnué,
cftefgaléab, oule quarré de z eft efgal au quarré de &
moins & multipli€ par z. ou le cube de zeft efgala s
multipli¢par le quarre de z plusle quarr€ de & multiplic
par z moins le cube de ¢. & ainfi desautres.

Eton peut toufiours reduire ainfi toutes les quantités
inconnués a vae feule, lorfque le Problefme fe peut con-
ftruire par des cercles & des lignes droites , ou aufly par
desfections coniques,ou mefme par quelque autreligne
qui ne foit que d'vn ou deux degrés plus compofee. Mais
ie ne m’arefte point a expliquer cecy plus en detail, a
canfe que ie vous ofterois le plaifir de I'apprendre de
vous mefme, & L'vtilité de cultiver voftre efprit en vous
y exerceant, qui eft a mon auis la principale,qu’on puifie

Pp 3 tirer
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302 LA GEOMETRIE.

urer de cetefcience. Aufly queienyremarque rien de
fidifficile, que ceux quiferont vopeuverfés en la Geo-
metriec commune, & enl'Algebre, & qui prendront gar-
deatout ce quieft ence traité, ne puiffent trouuer.
C’eft pourquoy ie me contenteray icy de vous auer-
tir, que pourvii qu'en demeflant ces Equations on ne
manque point afeferuir de toutesles diuifions, qui fe-
ront poflfibles, on aura infalliblement les plus fimples
termes,aufquels la queftion puiffe eftre reduite.

&‘;‘f}; Et que fi elle peut eftre refolue par la Geometrie ordi-

problet- naire, c’eft a dire, en ne fe feruant que de lignes droites

ME PR & circulaires tracées fur voe foperficie plate, lorfque la
derniere Equation aura efté entierement démeflce,iln’y
refteratount auplus qu'vn quarréinconnu, efgal a ce qui
fe produift de I'’Addition, ou fouftraction de faracine
multipli¢e par quelque quantité connue, & de quelque
autre quantite anfly connue '

Com-  Etlors cere racine, ouligne inconnue fetrouue ayfe-
ment s

ferelol- ment. Car fii'ayparexemple

uent. *
p—— xOaz+bb
d iefais le triangle re¢tan-

\'.
&
S

o gle N L M, dont le co-
] fteL Meft efgal 2 bra-
Y cine quarrée de Ja quan-
. tit¢ connue 44, & l'au-
Tt v tteLNeft £ 4, lamoi-

ti¢ de l'autre quantitd

connue, qui eftoit multiplice par z que ie fuppofe eftre la
ligne inconnue, puis prolongeant M N labaze de ce tri-
angle,
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I shall therefore content myself with the statement that if the stu-
dent, in solving these equations, does not fail to make use of division
wherever possible, he will surely reach the simplest terms to which
the problem can be reduced.

And if it can be solved by ordinary geometry, that is, by the use of
straight lines and circles traced on a plane surface,"” when the last
equation shall have been entirely solved there will remain at most only
the square of .an unknown quantity, equal to the product of its root
by some known quantity, increased or diminished by some other quan-
tity also known.”" Then this root or unknown line can easily be found.
For example, if I have 22=naz + b, I construct a right triangle NLM
with one side LM, equal to b, the square root of the known quan-
tity b and the other side, LN, equal to 1a, that is, to half the
other known quantity which was multiplied by z, which I supposed to
be the unknown line. Then prolonging MN, the hypotenuse™ of this
triangle, to O, so that NO is equal to NL, the whole line OM is the
required line z. This is expressed in the following way :™!

lerTorn

But if I have y> ——ay -+ b2, where y is the quantity whose value
is desired, I construct the same right triangle NLM, and on the hypote-

0% For a discussion of the possibility of constructions by the compasses and

straight edge, see Jacob Steiner, Die geometrischen Constructionen ausgefiihrt

mittelst der geraden Linic und eines festen Kreises, Berlin, 1833. For briefer
treatments, consult Enriques, Fragen der Elementar-Geometrie, Leipzig, 1907;
Klein, Problems in Elementary Gcometrv, trans. by Beman and Smith, Boston
1897; Weber und Wellstein, Encyklopad:c der Elementaren Geometne, Lelpmg,
1907. The work by Mascheroni, La geomeiria del compasso, Pavia, 1797, is inter-
esting and well known.

11 That is, an expression of the form 22 =az * b. “Esgal a ce qui se produit
de I’Addition, ou soustraction de sa racme multiplée par quelque quantité connue,
& de quelque autre quantité aussy connue,” as it appears in line 14, opposite page.

21 Descartes proposes to show how a quadratic may be solved geometrically.

2] Descartes says “prolongeant MN la baze de ce triangle,” because the hypote-
nuse was commonly taken as the base in earlier times.

) From the figure OM.PM =LM?. If OM=:, PM=2z—a, and since
LM =b,wehave z (s—a) = b2 or 22 = az-+b2 Again, MN = \/§a2+b2, whence
OM =2=ON+MN= éa + A\ l ‘;az + b2, Descartes ignores the second root, which

is negative.
13
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nuse MN lay off NP equal to NL, and the remainder PM is y, the
desired root. Thus I have

y=- %u +\/%a’+ ».
In the same way, if I had
= —ax? 4

PM woulid be #* and I should have

—1_1_ .
X = J— = a2 2 .
\/ 2“+\/4u + &,
and so for other cases.

Finally, if I have 2> = ag—0? I make NL equal to } a and LM equal
to b as before;. then, instead of joining the points M and N, I
draw MQR parallel to LN, and with N as a center describe a circle
through L cutting MQR in the points Q and R ; then z, the line sought,
is either MQ or MR, for in this case it can be expressed in two ways,

2]
z=la+\/la=_5=,
2 4

namely:
1 1., .
z _Za—\/za — 0~

21 Since MR.MQ = LM?, then if R=2: we have MQ=a— 2 and so
2(a—3)=b% or 22=as— b2

If, instead of this, MQ = 2, then MR = a — 2z, and again, 22 = az — b®. Further-
more, letting O be the mid-point of QR,

MQ=OM—OQ=%a—\]%az__b2'

and

and
MR=MO+OR= ta+ \j% o b2,

Descartes here gives both roots, since both are positive. If MR is tangent to the

circle, that is, if b= —% a, the roots will be equal; while if b > %a, the line MR

will not meet the circle and both roots will be imaginary. Also, since RM.QM:LMi,
3,2, =b% and RM+QM =2 +3,=a.

14
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- angle, infquesa O, en forte qu’N O foitefgaleaNL,
latoute OMeftz laligne cherchée. Et elle s’exprime
en cete forte

20ia+ 1V m.

Quefiiayyy -- ay -+ bb, & qu'y {oit la quantite
qu’il faut trouuer , ie fais le mefme triangle rectangle
NL M, &defabaze MNiofte NPefgalea NL, &le
refte P M eft y la racine cherchde. De fagon que iay

yO-—-3a +1/ 24 +bb. Ettout de mefme fiia-

uois x 0 - ax + b PM feroxtx & iaurois

x ® ¥V o.La+ v Laa=+ bb: &ainfi des autres.
Enfinfii'ay

N {zao ag --bb:
ie fais NL efgale 2 2, & LM
efgale 25 céme deuar, puis,au lieu
N deioindreles poins M N, ie tire
M QR paralleleaL N. & ducen-
tre N par L ayant defcrit v cer-
cle qui la couppe aux poins Q &
R, la ligne cherchée g eft MQ
oubie MR, carencecaselle s’ex-
prime en deux fagons,afgauoirg 0 s a7 faa--b,
&3 oia--7% aa--ﬁb

Etfile cercle, qu1 ayant fon centre au point N, pafle
parle poth ne couppe ny ne touche la ligne droite
M (LR iln’y a aucune racine enl'Equation, de fagon
qu'on peut aflurer que la conftrution du problefme
propoféeft impofible. A

u

L

15
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Au refte ces mefmes racines fe peuvent trouuer par
vne infinit€ d’autres moyens , & i'ay feulement veulu
mettre ceux cy, comme fort fimples, aifin de faire voir

+ qu’on peut conftruire tousles Problefmes de Ia Geome-
trie ordinaite, fansfaire autre chofe que le peu qui eft
comprisdans les quatre figures que i'ay expliquées. Ce
queienecroy pas quelesanciens ayent remarqué. car
autrement ilsn’euflent pas prisla peine d'en efcrire tant
de grosliures, ou le feul ordre de leurs propofitions nous
fait connoiftre qu’ils n'ont point eu lavraye methode
pour les trouuer toutes, mais qu'ils ont feulement ramaf~
fecelles qu'ilsont rencontrées.

:B.:c?nsik Etonle peut voir aufly fort clairement de ce que Pap-

Pappus. PUSamis aucommencement de fon feptiefme liure, ou
apres s'eftre areft€ quelque tems a denombrer tout ce
quiauoit efté efcrit en Geometrie par ceux qui l'auoient
precedd, il parleenfind vne queftion , qu’ildit que ny
Euclide, ny Apollonius, ny aucun avtre n'auoient {ceu
entierement refoudre. & voycy fes mots,

Le cite — Quemautem dicit ( Apollonius) in tertio libro locum ad
‘.f,l;:;{f,lz, tres, & quatuorlineas ab Euclide perfeltum noneffe , neque
tincque le gpfo perficere poterat ,neque aliquis alius:  fed neque pau-
;;;‘;:qi’:t lulum quid addereiss, que Euclides [cripfit,per ea tantum
chafeun conica , queufque ad Euclidis tempora premonfirata
plos a]fe-/ﬂlll’, &e.
et Et vn peu aprés il explique ainfi quelle eft cete que-

ftion,

At locus adtres, & quatuor lineas , in quo ( Apollonius)
magnifice [eiattat, & oftentat,nulla habita gratia ei , qui
prous feripferas , cft bujufmods.  Si pofitione datss tribus

reftss
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And if the circle described about N and passing through L neither
cuts nor touches the line MQR, the equation has no root, so that we
may say that the construction of the problem is impossible.

These same roots can be found by many other methods,”™ I have
given these very simple ones to show that it is possible to construct
all the problems of ordinary geometry by doing no more than the little
covered in the four figures that I have explained." This is one thing
which I believe the ancient mathematicians did not observe, for other-
wise they would not have put so much labor into writing so many books
in which the very sequence of the propositions shows that they did not
have a sure method of finding all,”" but rather gathered together those
propositions on which they had happened by accident.

This is also evident from what Pappus has done in the beginning of
his seventh book,” where, after devoting considerable space to an
enumeration of the books on geometry written by his predecessors,™
he finally refers to a question which he says that neither Euclid nor
Apollonius nor any one else had been able to solve completely;* and
these are his words:

“Quem autem dicit (Apollonius) in tertio libro locum ad tres, &
quatuor lincas ab Euclide perfectum non esse, meque ipse perficere
poterat, neque aliquis alius; sed neque paululum quid addere iis, que

] For interesting contraction, see Rabuel, p. 23, et seq.

121 Tt will be seen that Descartes considers only three types of the quadratic
equation in z, namely, 52+as—b?=0, s> —as—b? =0, and 2 — az+b2=0.
It thus appears that he has not been able to free himself from the old traditions
to the extent of generalizing the meaning of the coefficients, — as negative and
fractional as well as positive. He does not consider the type z2taz+b2 =0,
because it has no positive roots.

1 “Qu’ils n’ont point eu la vraye methode pour les trouuer toutes.”

%] See Note [9].

] See Pappus, Vol. II, p. 637. Pappus here gives a list of books that treat
of analysis, in the followmg words: “Illorum librorum, quibus de loco, 'avalvéuevos
sive resoluto agitur, ordo hic est. Euclidis datorum lxber unus, Apollonu de pro-
portionis sectione libri duo, de spatii sectione duo, de sectione determinata duo, de
tactionibus duo, Euclidis porismatum libri tres, Apollonii inclinationum libri duo,
elusdem locorum planorum duo, conicorum octo, Aristaci locorum solidorum libri
duo.” See also the Commandinus edition of Pappus, 1660 edition, pp. 240-252.

1 For the history of this problem. see Zeuthen: Die Lehre won den Kegel-
schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, Oeuvres de
Descartes, vol. 6, p. 723. .
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Euclides scripsit, per ea tantum conica, que usque ad Euclidis tempora
premonstrata sunt, &c.” "

A little farther on, he states the question as follows:

“At locus ad tres, & quatuor lineas, in quo (Apollonius) magnifice
se jactat, & ostentat, nulla habita gratia ei, qui prius scripserat, est
hujusmodi.™ Si positione datis tribus rectis lineis ab uno & eodem
puncto, ad tres lineas in datis angulis recte linee ducantur, & data sit
proportio rectanguli contenti duabus ductis ad quadratum relique:
punctum contingit positione datum solidum locum, hoc est unam ex
tribus conicis sectionibus. Et si ad quatuor rectas lineas positione datas
in datis angulis linee ducantur; & rectanguli duabus ductis contenti ad
contentum duabus reliquis proportio data sit; similiter punctum datum
coni sectionem positione continget. Si quidem igitur ad duas tantum
locus planus ostensus est. Quod si ad plures quam quatuor, punctum
continget locos non adhuc cognitos, sed lineas tantum dictas; quales
autem sint, vel quam habeant proprietatem, non constat: earum unam,
neque primam, & que wmanifestissima videtur, composuerunt osten-
dentes utilem esse. Propositiones autem ipsarum he sunt.

“Si ab aliquo puncto ad positione datas rectas lineas quinque ducantur
recte linee in datis angulis, & data sit proportio solidi parallelepipedi
rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe-
dum rectangulum, quod continetur reliquis duabus, & data quapiam
linea, punctum positione datam lineam continget. Si autem ad sex, &
data sit proportio solidi tribus lincis contenti ad solidum, quod tribus
reliquis continctur; rursus punctum continget positione datam lineam.
Quod si ad plures quam sex, non adhuc habent dicere, an data sit pro-
portio cujuspiam contenti quatuor lineis ad id quod reliquis continetur,

1 Pappus, Vol. II, pp. 677, et seq, Commandinus edition of 1660, p. 251.
Literally, “Moreover, he (Apollonius) says that the problem of the locus related
to three or four lines was not entirely solved by Euclid, and that neither he him-
self, nor any one else has been able to solve it completely, nor were they able to
add anything at all to those things which Euclid had written, by means of the
conic sections only which had been demonstrated before Euclid.” Descartes arrived
at the solution of this problem four years before the publication of his geometry,
after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294,
and Vol. VI, p. 224. '

21 Given as follows in the edition of Pappus by Hultsch, previously quoted:
“Sed hic ad tres et quatuor lineas locus quo magnopere gloriatur simul addens ei
qui conscripserit gratiam habendam esse, sic se habet.”

18
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reltss lineds abuno & eodempunile, ad tres linens in datss an-
Zulis relle linee ducantur , & dats fit proportio rellangali
contenti duabus duflis ad quadratum relique punftum con-
tingit pofitione datum folidumlocum , hoc eft unam ex tribus
conicis [eftionibus. Et Ji ad quatuor reflas lineas pofitione
datas.in datis angulis linez ducantur ; & re&anguli duabus
dullis concenti ad contentum duabus reliquis proportio datn
fit: fimiliter punétum datum coni [eftionem pofitione contin-
get. Siquidemigiturad duas tantumlocus planus oftenfus
eft. Quodfiadplures quam quatuor, pun&um continget lo-
cos non adhuc cognitos, [ed lineas tuntum di€tas ; quales au-
tem fint, vel quam habeant proprietatem, non conflat: earum
unam, neque primam, & que manifeftiffima videtur, compo-
[uerunt oftendentes utilem effe. propofitiones autemiparum
he [unt.

87 ab aliquo puntto adpofitione datas reftas lineas quin-
que ducantur reéle line in datis angulis , & data fit propor-
tio falidi parallelepipeds reétangalis quod tribus dulis lineis
continetur ad folidum parallelepipedum reélangulum , quod
continetur reliquis duabus, & data quapiam linea, punélum
pofitione datam lineam continget. Siantem adfex e data
fit proportio folidi tribus linets contenti ad folidum , quod
tribus reliquis continetur; rurfus punttum continget pofitione
datam lineam. Quod fiad plures quam fex, non adhuc habent
dicere,an data [it proportio cuin[pii contenti quatuor lineis
ad id quod reliquis continetur, quoniam non eft aliquid con-
tentum pluribus quam tribus dimenfionibus.

Ouie vous prie de remarqueren paffant, que lefcru-
pule, que faifoient les anciens d'vfer des termes del’A-
rithmetique enla Geometrie, quine pouuoit proceder,

Ogq que
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que de ce qu'ils ne voyoient pas affés clairement leus
rapport, canfoit beaucoup d’obfcurite, & d’embaras, en
lafagon dontils s'expliquoient. car Pappus pour{uit en
ceteforte.,

Acquiefunt autem bis , qui paulo ante talia interpretati
fint. nequeunum aliquo paéto comprehenfibile fignificantes
quod bis continetur.Licebit auté per coniuntlas proportiones
bec, & dicere, & demonfirare univerfein diflis proportioni-
bus, atque his in hunc modum. Si ab aliquo punito ad pofi-
tione datasredlas lineas ducantur refle linew in datis angu-
lis, & data [it proportio coniunila ex ea, quam habet una du-
&arum adunam, & alteraadalteram,& alia adaliam, €3 re-
liquaad datam lineam, fi fint [eptem; fiveroofte.,, G reliqua
ad reliquam: punéfum continget pofitione datds lineas. Et
fimiliter quotcumque fint impares vel pares multitudine,
eum hacyut dixi,loco ad quatuor lineas re(pendeant, nullum
Ygitur pofuerant ita ut linea not a fit, &c.

La queftiondonc qui auoit eft€ commencée a refous
dre par Euclide, & pourfuiuie par Apollonius, fans auvoir
eltéacheuée parperfonne, eftoit telle. Ayant trois on.
quatre ou plus grand nombre de lignes droites donnees
par pofition; premierement on demande vnpoint, du-
quel on puiffe tirerautant d'autres lignes droites, voe fux
chafcune des donnekes, qui fagent auec elles des angles
donnés, & que le retangle contenu en deux de celles,
qui feront ainfi tirées d’'vn mefme point, ait la propor-
tion donnéeaunecle quarré de la troifiefme, s'iln’yena
que trois; oubienauec lerectangle des deux autres, s’ily
enaquatre;oubien,s’ily ena cing,que le parallelepipede
compofcde trois aitla proportion donnée auec le paral.

lelepipede
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quoniam non est aliquid contentum pluribus quam tribus dimensioni-
bus.” ®

Here I beg you to observe in passing that the considerations that
forced ancient writers to use arithmetical terms in geometry, thus mak-
ing it impossible for them to proceed beyond a point where they could
see clearly the relation between the two subjects, caused much obscur-
ity and embarrassment, in their attempts at explanation.

Pappus proceeds as follows:

“Acquiescunt autem his, qui paulo ante talia interpretati sunt; neque
unum aliquo pacto comprehensibile significantes quod his continetur.
Licebit autem per conjunctas proportiones hec, & dicere & demonstrare
universe in dictis proportionibus, atque his in hunc modum. Si ab
aliquo puncto ad positione datas rectas lineas ducantur recte linee in

- datis angulis, & data sit proportio conjuncta ex ea, quam habet una
ductarum ad unam, & altera ad alteram, & alia ad aliam, & reliqua ad
datam lineam, si sint septem; si vero octo, & rcliqua ad religuam:
punctum continget positione datas lineas. Et similiter quotcumque sint

) This may be somewhat freely translated as follows: “The problem of the
locus related to three or four lines, about which he (Apollonius) boasts so proudly,
giving no credit to the writer who has preceded him, is of this nature: If three
straight lines are given m position, and if straight lmes be drawn from one and
the same pomt making given angles with the three given lines; and if there be
given the ratio of the rectangle contained by two of the lines so drawn to the
square of the other, the point lies on a solid locus given in position, namely, one
of the three conic sections.

“Again, if lines be drawn making given angles with four straight lines given
in position, and if the rectangle of two of the lines so drawn bears a given ratio
to the rectangle of the other two; then, in like manner, the point lies on a conic
section given in position. It has "been shown that to only two lines there corre-
sponds a plane locus. But if there be given more than four lines, the point gen-
erates loci not known up to the present time (that is, impossible to determine by
common methods), but merely called ‘lines’. It is not clear what they are, or
what their properties. One of them, not the first but the most manifest, has been
examined, and this has proved to be helpful. (Paul Tannery, in the Oeu’ures de
Descartes, dlﬁers with Descartes in his translation of Pappus. He translates as
follows: Et on n’a fait la synthése d’ aucune de ces lignes, m montré qu’elle servit
pour ces lieux, pas méme pour celle qui semblerait la premiére et la plus indiquée.)
These, however, are the propositions concerning them.

“If from any point straight lines be drawn making given angles with five
straight lines given in position, and if the solid rectangular parallelepiped contained
by three of the lines so drawn bears a given ratio to the solid rectangular paral-
lelepiped contained by the other two and any given line whatever, the point lies
on a ‘line’ given in position. Again, if there be six lines, and if the solid con-
tained by three of the lines bears a gwen ratio to the solid contained by the other
three lmes, the point also lies on a ‘line’ glven in position. But if there be more
than six lines, we cannot say whether a ratio of something contained by four
lines is given to that whlch is contained by the rest, since there is no figure of
more than three dimensions.”
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GEOMETRY

impares vel pares multitudine, cum hec, ut dixi, loco ad quatuor lincas
respondeant, nullum igitur posuerunt ita ut linea nota sit, &c.™

The question, then, the solution of which was begun by Euclid and
carried farther by Apollonius, but was completed by no one, is this:

Having three, four or more lines given in position, it is first required
to find a point from which as many other lines may be drawn, each
making a given angle with one of the given lines, so that the rectangle
of two of the lines so drawn shall bear a given ratio to the square of
the third (if there be only three) ; or to the rectangle of the other two
(if there be four), or again, that the parallelepiped™ constructed upon
three shall bear a given ratio to that upon the other two and any given
line (if there be five), or to the parallelepiped upon the other three (if
there be six) ; or (if there be seven) that the product obtained by mul-
tiplying four of them together shall bear a given ratio to the product
of the other three, or (if there be eight) that the product of four of
them shall bear a given ratio to the product of the other four. Thus
the question admits of extension to any number of lines.

Then, since there is always an infinite number of different points
satisfying these requirements, it is also required to discover and trace
the curve containing all such points.”? Pappus says that when there
are only three or four lines given, this line is one of the three conic
sections, but he does not undertake to determine, describe, or explain
the nature of the line required™ when the question involves a greater
number of lines. He only adds that the ancients recognized one of
them which they had shown to be useful, and which seemed the sim-

B4 This rather obscure passage may be translated as follows: “For in this are
agreed those who formerly interpreted these things (that the dimensions of a
figure cannot exceed three) in that they maintain that a figure that is contained by
these lines is not comprehensible in any way. This is permissible, however, both
to say and to demonstrate generally by this kind of proportion, and in this man-
ner: If from any point straight lines be drawn making given angles with straight
lines given in position; and if there be given a ratio compounded of them, that
is the ratio that one of the lines drawn has to one, the second has to a second,
the third to a third, and so on to the given line if there be seven lines, or, if there
be eight lines, of the last to a last, the point lies on the lines that are given in
position. And similarly, whatever may be the odd or even number, since these,
as I have said, correspond in position to the four lines; therefore they have not
set forth any method so that a line may be known.” The meaning of the passage
appears from that which follows in the text.

1 That is, continued product.

3 Tt is here that the essential feature of the work of Descartes may be said
to begin.

1571 See line 19 on the opposite page.
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LivRE PREMIER. 307
kelepipede cownpofé des deux quireftent, &d’vne autre
ligne donnée. Ous’ily enafix, que le parallelepipede
cdpofé de troisaitla proportion donnce auecle paralle-
lepipede destroisautres. Ous'ilyenafept,quecequife

roduift Jorfqu'on en multiplie quatrel'vne par l'autre,
aitlaraifon donnde auec ce quife produift par fa multi-
plication des trois autres, & encore d’vne autre ligne
donnée; Ous’ily enahuit, que le produit de la multi-
plication de quatreait la proportion donnée auec le-pro-
duit des quatre autres. Et ainfi cete queftion fe peut
eftendre a rout autre nombre de lignes. Puis a caufe qu'il
y a toufiours veinfinitéde divers poins qui peuuent fa-
tisfaire ace qui eft icy demandg, il eft aufly requis de
connoiftre, 8 de tracer laligne,dans laquelle ils doiuent
tous fe trouuer. & Pappus dit que lorfqu’il n’y a que
trois ou quatre lignes droites données , c’eft en vne des
trois fections coniques. mais iln’entreprend point de la
determiner, nyde la defcrire. non plus que dexpli-
quer celles ou tous ces poins fe doiuent trouuer, lorfque
1a queftion eft propofée envnplus grand nombre de li-
gnes. Seulement il aioufte que les anciens en auoient
imagindvne qu’ils monftroient y eftrevtile , mais qui
fembloit la plus manifefte, & quin’eftoit pas toutefois la
premiere. Ce qui ma donné occafion d’effayer fi par la
methode dontie me fers on peut aller aufly loin qu’ils
ont efté.

Et premierement. i’'ay connu que cete queftion n'eftant Refponfe
propofce qu’en trois, ou guatrc,ou cinqlignes , on peut ?tiz f}“;;
toufiours trouuer les poins cherchés par la Geometrie Pappus
fimple; c’eft adire en ne fe feruant que de la reigle scdu

Qq 2 compas,
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compas, ny ne faifant antre chofe, que ce qui adefiaefte
dit; exceptéfeulement lorfqu'il y a cing lignes données,
fi elles fonttoutes paralleles. Auquel cas, comme aufly
lorfque la queftion eft propofee en fix,ou7, ous, ou

lignes, on peuttoufiours trouuer les poins cherchés par
la Geometrie des folides ; c’eft a dire en y employant

quelqu’vne destrois fections coniques. Excepté feule-

ment lorfqu’ily aneuflignes donnees, fielles font toutes

paralleles. Auquelcasderechef, & encore en 1o0,11,12,

ou13 lignes on peut trouuer les poins cherchés par le

moyen d’'vne ligne courbe qui foit d’vn degré plus com-

pofée que les fections coniques, Except€ entreize fiel-

les font toutes paralleles, auquelcas,8en quatorze, 1y,

16, & 17ilyfaudra employer vne ligne courbe encore

d'va degre plus compofie que la precedente & ainfi

al'infini.

Puis iay trouudaufly, que lorfqu’il nyaque trois ou
quatre lignes données, les poinscherchés e rencontrent
tous , nonfeulement en I'vne des trois fe¢tions coni-
ques, mais quelquefois aufly en la circonference d'va
cercle, ou en vneligne droite. Et que lor{qu'il yena
cing, oufix, oufept, ou huit, tous ces poins fe rencon-
trent en quelque vne deslignes, qui font d’'vn degré plus
compofdes que les fections coniques , & il eft impoflible
d’enimagineraucune qui ne foit vtile a cete queftion;
mais ils peuuent aufly derechefferencontrer envne fe-
&ion conique, ou envncercle, ou envne ligne droite.
Ets’ilyenaneuf, ouzo,ou1r,ourz, ces poins fe ren-
contrent en vne ligne, quine peut eftre que d’'vodegré
plus compofée que les precedentes; mais toutes celles

qui
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FIRST BOOK

plest, and yet was not the most important.® This led me to try to find
out whether, by my own method, I could go as far as they had gone.™

First, I discovered that if the question be proposed for only three,
four, or five lines, the required points can be found by elementary
geometry, that is, by the use of the ruler and compasses only, and the
application of those principles that I have already explained, except
in the case of five parallel lines. In this case, and in the cases where
there are six, seven, eight, or nine given lines, the required points can
always be found by means of the geometry of solid loci,"” that is, by
using some one of the three conic sections. Here, again, there is an
exception in the case of nine parallel lines. For this and the cases of
ten, eleven, twelve, or thirteen given lines, the required points may be
found by means of a curve of degree next higher than that of the conic
sections. Again, the case of thirteen parallel lines must be excluded,
for which, as well as for the cases of fourteen, fifteen, sixteen, and
seventeen lines, a curve of degree next higher than the preceding must
be used ; and so on indefinitely.

Next, I have found that when only three or four lines are given, the
required points lie not only all on one of the conic sections but some-
times on the circumference of a circle or even on a straight line,""

When there are five, six, seven, or eight lines, the required points
lie on a curve of degree next higher than the conic sections, and it is
impossible to imagine such a curve that may not satisfy the conditions
of the problem; but the required points may possibly lie on a conic
section, a circle, or a straight line. If there are nine, ten, eleven, or
twelve lines, the required curve is only one degree higher than the pre-
ceding, but any such curve may meet the requirements, and so on to
infinity.

3] See lines 5-10 from the foot of page 23.

B Descartes gives here a brief summary of his solution, which he amplifies
later.

1 This term was commonly applied by mathematicians of the seventeenth cen-
tury to the three conic sections, while the straight line and circle were called plane
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Planos et Solidos,
Toulouse, 1679.

Y Degenerate or limiting forms of the conic sections.
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Finally, the first and simplest curve after the conic sections is the
one generated by the intersection of a parabola with a straight line in
a way to be described presently.

I believe that I have in this way completely accomplished what
Pappus tells us the ancients sought to do, and I will try to give the
demonstration in a few words, for I am already wearied by so much
writing.

Let AB, AD, EF, GH, ... be any number of straight lines

given in position,"” and let it be required to find a point C, from which

straight lines CB, CD, CF, CH, ... can be drawn, making given angles
CBA, CDA, CFE, CHG, ... respectively, with the given lines, and

"2 Tt should he noted that these lines are given in position but not in length.
They thus become lines of reference or coodrdinate axes, and accordingly they
play a very important part in the development of analytic geometry. In this con-
nection we may quote as follows: “Among the predecessors of Descartes we
reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and
Fermat, the last the most distinguished in this field; but nowhere, even by, Fermat,
had any attempt been made to refer several curves of different orders simultane-
ously to one system of codrdinates, which at most possessed special significance
for one of the curves. It is exactly this thing which Descartes systematically
accomplished.” Karl Fink, A Bricf History of Mathematics, trans. by Beman and
Smith, Chicago, 1903, p. 229.

Heath calls attention to the fact that “the essential difference between the
Greek and the modern method is that the Greeks did not direct their efforts to
making the fixed lines of a figure as few as possible, but rather to expressing
their equations between areas in as short and simple a form as possible.” For fur-
ther discussion see D. E. Smith, History of Mathcmatics, Boston, 1923-25, Vol. 11,
pp. 316-331 (hereafter referred to as Smith).
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Livre PREMIER. 3%
qui font d'vndegrépluscompofées y peuuent feruir, &
ainfi al'infini.

Au reftelapremiere, & la plus fimple de toutes aprés
les fections coniques , eft celle qu'on peut defcrire par
I'interfection d'vne Parabole, & d’'vneligne droite, enla
fagon qui fera tantoft expliquée. Enforte que ie penfe
auoir entierement fatisfait a ceque Pappus nous dit auoir
eft¢ chetchéen cecy parles anciens. & ie tafcheray d’en
mettre lademonttration en peu de mots.car il m’ennnie
defiad’en tantefcrire.

Soient AB, A D, EF, G H, &c. plufieurs lignes don-
nees par pofition, & qu'il faille trouuer vn point, comme
C, duquel ayant tir¢ d'autres lignes droites fur les don-
nées,comme CB,CD, CF, &CH, en forte que les
anglesCB A,C DA, CFE, CH G, &e, foient donnés,

Qq 3 &
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310 Ls GEOMETRIE.

& que ce quieft produit par la multiplication d’vne par-
tic de ces lignes, foit efgal a ce qui eft produit parla mul-
tiplicationdes autres, oubien qu'ils ayent quelque autre
proportion donnée, car cela ne rend point la queftion
plus difficile.

Premierement ie {uppofe la chofe cémme defia faite,
& pour me demefler de la cofufion de toutes ceslignes,
ie confidere Fvnedes donnees, & I'vne de celles qu'il
fauttrouuer, parexemple A B, & C B, comme lesprin-
cipales, & aufquelles ie tafche de rapporter ainfi toutes
lesautres. Quelefegment delaligne A B, quieftentre
les poins A & B, foit tommé x. & que B C foit nommé
y. & quetoutes les autres lignes données foient prolon-
gées, iufques a ce qu'elles couppent ces deux, aufly pro-
longées s’il eft befoin, & fi elles ne leur font point paral-
leles. comme vous voyesicy qu'elles couppentla ligne
ABauxpoins A, E, G, & BC auxpoinsR,S,T. Puis a
caufeque tous les anglesdutriangle AR B font donnes,
la proportion,qui eft entre les coftds A B, & BR, eft aul-
fy donnée, & ie lapofe commede za b, defagonqu’A B

b
eftant x, R Bfer -:’ & latoute CR feray - 6—:’ a caufe
que le point Btombe entre C & R; carfiR tomboit en-
. b
tre C & B,C R feroit y-- —:5& i Ctomboitentre B& R,

CR feroit -- _y-!—b—;‘ Tout de mefme les trois angles

dutriangle DR Cfont donne$ , & par confequent aufly
laproportion juieft entreles coftés CR, & CD, queie

pofe comme de 2 ¢: de fagon que C Reftant y —- l’;”-’
CD



FIRST BOOK

such that the product of certain of them is equal to the product of the
rest, or at least such that these two products shall have a given ratio,
for this condition does not make the problem any more difficult.

First, I suppose the thing done, and since so many lines are confus-
ing, I may simplify matters by considering one of the given lines and
one of those to be drawn (as, for example, AB and BC) as the prin-
cipal lines, to which I shall try to refer all the others. Call the segment
of the line AB between A and B, #, and call BC, y. Produce all the
other given lines to meet these two (also produced if necessary) pro-
vided none is parallel to either of the principal lines. Thus, in the
figure, the given lines cut AB in the points A, E, G, and cut BC in the
points R, S, T.

Now, since all the angles of the triangle ARB are known,"" the ratio
between the sides AB and BR is known."! If we let AB:BR=2z:D,

b .
since AB—x, we have RB = —; ; and since B lies between C and R it
we have CR=1y -} /I; (When R lies between C and B, CR is ¢qual

b
toy — [g, and when C lies betwcen B and R, CR is equal to—y + 7x )

Again, the three angles of the triangle DRC are known,"” and there-
fore the ratio between the sides CR and CD is determined. Calling this

. . bx a bx .
ratio z:¢, since CR=y+%, we have CD=Z' + — Then, since

1 Since BC cuts AB and AD under given angles.

1 Since the ratio of the sines of the opposite angles is known.
18 In this particular figure, of course.

1 Since CB and CD cut AD under given angles.

29



GEOMETRY

the lines AB, AD, and EF are given in position, the distance from A
to E is known. If we call this distance k, then EB =k + »; although
EB =k —x when B lies between E and A, and E=—% + » when E
lies between A and B. Now the angles of the triangle ESB being
given, the ratio of BE to BS is known. We may call this ratio z :d.

'k 4 d.
Then BS — ”’e_’zf@ and €S = P FZH 0 When S lies between B

2y — dk — dx
3

and C we have CS = , and when C lies between B and S

we have CS=M. The angles of the triangle FSC are

known, and hence, also the ratio of CS to CF, or z:e. Therefore,

CF_Y+ {lz;f + dex )

Likewise, AG or [/ is given, and BG=1[—u.
Also, in triangle BGT, the ratio of BG to BT, or z :f, is known. There-

fore, BT =ﬂ_7fx and CT=M——fx. In triangle TCH, the ratio

. . sy 4 fol —
of TC to CH, or z : g, is known,"™ whence CH = —+/§i

1 We have
CS=y+BS
=yt dk—i—dx

zy+dk+dx
=T,
and similarly for the other cases considered below.
The translation covers the first eight lines on the original page 312 (page 32

of this edition.
11 Tt should be noted that each ratio assumed has s as antecedent.
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CDfera? <+ bi‘ Aprescelapourceque les lignes A B,
AD,&E F font donnees par pofition, ladiftance qui eft
entre les poins A & E eft aufly donuée & fi onlanom-
me K, onaura E Befgal a £ —4-x; maisce feroit £ -- x, fi
le point B tomboit entre E & A;& -- &+ x,fi E tomboit
entre A & B. Et pourceque lesangles du triangle ES B
font tous donnés, la proportionde BE a BS eft aufly
donnée, & ie la pofe comme 324 , fibienque BS eft

du-d z +dl»{-d
u , & litoute C S eft 27
y-- dk dx

; mais ce feroit

= Z file point S tomboitentre B & C;& ce feroit

.- Z d
.ﬁ"‘—”‘_‘ff’ fi Ctomboit entre B & S. De plus les

troisangles du triangle F S Cfont donnés, & en fuite Ia

pro-
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312 LA GEOMETRIE.

proportionde CS2CF, quifoitcomme de z 4 e, &la
toute CFfera e%w . En mefme fagon A G

queie nomme /eft donnée, &BGeft /-- ', & a caufe
dutriangle BG T laproportion de BG a B T eff aufly
donnée, quifoit comme de 2 f &B T fera fi-%‘f 5
CTx {—Ji’;ﬁ Puisderechef la proportionde TCa
CHeftdonnce, acaufedutriangle T CH, & lapofant

Hgrykfgl--fogx
comme de 72 g, on aura C H o T 218l fe?

Etainfi vous voy¢s, qu'entel nombre de lignes don-
néespar pofition qu’on puiffe auoir, toutes les lignes ti-
rées deflus du point Caangles donnes fuiuant la teneur
de la queftion , fe peunent toufiours exprimer chafcune
par trois termes; dont I'vn eft compofe'de la quantitéin-
connue y, multipliée , ou diuifee par quelque autre
connue; & l'autre de la quantite inconnue x, aufly mul-
tiplice oudiuifée par quelque autre connué, & le trofief
me d’vne quantité toute connu€. Excepté feulement fi
elles font paralleles; oubienalaligne AB, auquelcas le
terme compoféde la quantité x feranul ; oubienalali-
gne C B, auquel cas celuy qui eft compof¢de la quantité
y feranul; ainfi quileft trop manifefte pour que ie m’are-
frealexpliquer. Etpourlesfignes—+, &--, quife ioi-
gnent 2 cestermes, ils.peuuent eftre changes en toutes
les fagonsimaginables.

Puis vous voyésaufly, que muitipliant plofieurs de
ceslignesl'vne par l'autre, les quantités x &y, qui fe
trouuent dans le produit, n’y penuent auoir que chafcu-
ne autantde dimenfions, quiily aeu delignes, al'expli-

cation
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And thus you see that, no matter how many lines are given in posi-
tion, the length of any such line through C making given angles with
these lines can always be expressed by three terms, one of which con-
sists of the unknown quantity y multiplied or divided by some known
quantity ; another consisting of the unknown quantity » multiplied or
divided by some other known quantity; and the third consisting of a
known quantity."” An exception must be made in the case where the
given lines are parallel either to AB (when the term containing x van-
ishes), or to CB (when the term containing y vanishes). This case is
too simple to require further explanation.” The signs of the terms
may be either 4 or — in every conceivable combination."”

You also see that in the product of any number of these lines the
degree of any term containing x or y will not be greater than the num-
ber of lines (expressed by means of & and y) whose product is found.
Thus, no term will be of degree higher than the second if two lines
be multiplied together, nor of degree higher than the third, if there be
three lines, and so on to infinity.

] That is, an expression of the form ax by~ ¢, where g, b, ¢, are any real
positive or negative quantities, integral or fractional (not zero, since this exception
is considered later).

) The following problem will serve as a very simple illustration: Given three
parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD
is distant 3 units from EF; required to find a point P such that if PL, PM, PN

P

> om

|

be drawn through P, making angles of 90° 45°, 30°, respectively, with the
parallels. Then PM’= PL.PN.

Let PR = y, then PN = 2y, PM = V2(3+3),PL=y+7. 1f PM°=PN.PL,
we have [«j ’(:v+3)] = Zy(y +7), whence y = 9. Therefore, the point P lies on

the line XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79.
1 Depending, of course, upon the relative positions of the given lines.
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Furthermore, to determine the point C, but one condition is needed,
namely, that the product of a certain number of lines shall be equal to,
or (what is quite as simple), shall bear a given ratio to the product of
certain other lines. Since this condition can be expressed by a single

equation in two unknown quantities,"™"

we may give any value we please
to either x or y and find the value of the other from this equation. It
is obvious that when not more than five lines are given, the quantity ,
which is not used to express the first of the lines can never be of degree
higher than the second.™

Assigning a value to y, we have 4?== = ax + b and therefore »
can be found with ruler and compasses, by a method already explained.®
If then we should take successively an infinite number of different
values for the line y, we should obtain an infinite number of values for
the line x, and therefore an infinity of different points, such as C, by
means of which the required curve could be drawn.

This method can be used when the problem concerns six or more
lines, if some of them are parallel to either AB or BC, in which case

&2 That is, an indeterminate equation., “De plus, & cause que pour determiner
le point C, il n’y a qu’une seule condition qui soit requise, 4 sgavoir que ce qui est
produit par la multiplication d’un certain nombre de ces lignes soit égal, ou (ce qui
n’est de rien plus mal-aisé) ait la proportion donnee, 4 ce qui est produit par la
multiplication des autres; on peut prendre a discretion 'une des deux quantitez
inconnués # ou 3, & chercher I'autre par cette Equation.” Such variations in the
texts of different editions are of no moment, but are occasionally introduced as
matters of interest.

151 Since the product of three lines bears a given ratio to the product of two
others and a given line, no term can be of higher degree than the third, and there-
fore, than the second in .

11 See pages 13, et seq.
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cation defquelles elles feruent, qui ont eft¢ ainfi multi-
plices: enforte qu’ellesn’auront iamais plus de deux di-
menfions, en ce qui neferaproduit que par la muleipli-
cation de deux lignes; ny plus de trois , ence quine fera
produit que par 2 multiplication detrois, & ainfialin-
fini . 3
De plus, a caufe que pour determiner le point C, fl Sommé
n'ya qu'vne feule condition qui foit requife , af{gauoir que cc
que ce qui eft produit par la multiplication d’vn certain P2
nombre de ces lignes foit efgal, ou (cequi n’eft de rien plan, 19:&
plus malayf€) ait la proportion donnée , 2 ce quieft pro- 15
duit par la multiplication des autres; on peut prendre a E;oxalgféd
difcretionI'vne des deux quantitésinconnuesxouy, & lipgn:s.e
chercher l'autre par cete Equation. enlaquelleil eft eui-
dent que lorfque la queftion n’eft point propofée en plus
decinglignes, la quantité x quine fert point a I'expref-
fiondela premiere peut toufiours n'y auoir que deux di-
menfions. defagon queprenant vne quantité connué
poury, ilnerefteraque x x 0 +ou-- ax -+ ou--44. &
ainfi onpourratrouuer la quantité x auec la reigle &le
compas, en lafacontantoft expliquée. Mefme prenant
fucceflivement infinies diuerfes grandeurs pour laligne
y» onentrounera aufly infinies pourlaligne x,8ainfion
auravneinfinit¢de diuers poins , telsque celuy quieft
marqué C, par le moyen defquels on defcrirala ligne
courbe demandée.
1lfe pent faire aufly, la queftion eftant propofee enfix,
ou plus grand nombre de lignes; s’ily en a entre les don-
nées, qui foient paralleles a BA, ou BC, quel'voe des
deux quantités x ou y n’ait que deux dimenfions en

Rr IEqua-
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I’Equation, & ainfi qu’on puiffe trouuuer le point C auec
lareigle & le compas. Mais aucontraire fi ellesfout tou-
tesparalleles , encore que laqueftion ne foit propofée
qu’en cinq lignes, ce point C ne pourra ainfi eftre trou-
ué, a caufe que la quantité x ne fe trounant point en tou-
te PEquation,il ne fera pluspermis de prendre voe quan-~
tité connué pour celle qui eft nommeey , mais ce fera
elle qu'il faudra chercher. Et pource quelle aura trois di-
menfions,on ne lapourra trouuer qu’en tirant la racine
d'vne Equation cubique. cequi ne fe peut generalement
faire fans qu’on y employe pour le moins vne fe&ion co-
nique. Etencorequil y ait iufques a neuf lignes don-
nées,pourviiqu’elles ne foient point toutes paralleles, on
peut toufiours faire que 'Equation ne monte que iufques
auquarréde quarré, aumoyendequoy on la peat aufly
toufiours refoudre parles fections coniques, enlafagon
quei’expliqueray cyapres. Etencore qu’il yenait iuf-
ques atreize ,on peut toufiours faire qu'elle ne monte
que iufquesau quarré de cube. en fuite de quoy on la
peut refoudre par le moyen d'vne ligne , qui n’eft que
d'vn degré plus compofée que les fetions coniques, en
lafagon que i'expliquerayaufly cy aprés. Et cecy eftla
premiere partie de cequei'auois icy ademonftrer; mais
avant que ie paffe ala feconde il eft befoin que ie die

quelque chofe en general de la nature des lignes cour-
bes.
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either x or y will be of only the second degree in the equation, so that
the point C can be found with ruler and compasses.

On the other hand, if the given lines are all parallel even though a
question should be proposed involving only five lines, the point C can-
not be found in this way. For, since the quantity » does not occur at
all in the equation, it is no longer allowable to give a known value to y.
It is then necessary to find the value of 4. And since the term in y
will now be of the third degree, its value can be found only by finding
the root of a cubic equation, which cannot in general be done without

(58]

the use of one of the conic sections.

And furthermore, if not more than nine lines are given, not all of
them being parallel, the equation can always be so expressed as to be
of degree not higher than the fourth. Such equations can always be
solved by means of the conic sections in a way that I shall presently
explain.”™

Again, if there are not more than thirteen lines, an equation of degree
not higher than the sixth can be employed, which admits of solution by
means of a curve just one degree higher than the conic sections by a
method to be explained presently.™

This completes the first part of what I have to demonstrate here, but
it is necessary, before passing to the second part, to make some general
statements concerning the nature of curved lines.

5] That is, to solve the equation for y.

%1 See page 84.

7] See page 107.

1] This line of reasoning may be extended indefinitely. Briefly, it means that
for every two lines introduced the equation becomes one degree higher and the
curve becomes correspondingly more complex.
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Geometry
BOOK II

ON THE NATURE oF CURVED LINES

HE ancients were familiar with the fact that the problems of geom-

etry may be divided into three classes, namely, plane, solid, and linear
problems.” This is equivalent to saying that some problems require
only circles and straight lines for their construction, while others
require a conic section and still others require more complex curves.™
I am surprised, however, that they did not go further, and distinguish
between different degrees of these more complex curves, nor do I see
why they called the latter mechanical, rather than geometrical."
If we say that they are called mechanical because some sort of instru-
ment'™ has to be used to describe them, then we must, to be consistent,

) C{, Pappus, Vol. I, p. 55, Proposition 5, Book III: “The ancients consid-
ered three classes of geometric problems, which they called plane, solid, and linear.
Those which can be solved by means of straight lines and circumferences of circles
are called plane problems, since the lines or curves by which they are solved have
their origin in a plane, But problems whose solutions are obtained by the use of
one or more of the conic sections are called solid problems, for the surfaces of solid
figures (conical surfaces) have to be used. There remains a third class which is
called linear because other ‘lines’ than those I have just described, having diverse
and more involved origins, are required for their construction. Such lines are the
spirals, the quadratrix, the conchoid, and the cissoid, all of which have many impor-
tant properties.” See also Pappus, Vol. I, p. 271.

1] Rabuel (p. 92) suggests dividing problems into classes, the first class to
include all problems that can be constructed by means of straight lines, that is,
curves whose equations are of the first degree; the second, those that require curves
whose equations are of the second degree, namely, the circle and the conic sec-
tions, and so on.

1 Cf, Encyclopédie ou Dictionnaire Raisonné des Sciences, des Arts et des
Metiers, par une Société de gens de lettres, mis en ordre et publiées par M. Diderot,
et quant & la Partie Mathematique par M. d’Alembert, Lausanne and Berne, 1780.
In substance as follows: “Mechanical is a mathematical term designating a con-
struction not geometric, that is, that cannot be accomplished by geometric curves.
Such are constructions depending upon the quadrature of the circle.

The term, mechanical curve, was used by Descartes to designate a curve that
cannot be expressed by an algebraic equation.” Leibniz and others call them
transcendental.

13 “Machine.”
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LA
GEOMETRIE.
LIVRE SECOND.

De la nature des hgnes conrbes.

LE s anciens ont fort bien remarqué , qu’entre les
Problefmes de Geometrie, les vns font plans , lesau- Quelles
tresfolides,& les autres lineaires, c’eft adire,queles vns ff;::: s
peunent eftre conftruits, ennetragant que des lignes courbes
droites, & descercles; au lieu que les autres ne le peu- leu: re-
uent eftre, qulon n'y employe pour le moins quelque fe- ceuoir e
Ction conique ; ni enfin les autres , qu'onn’y employe fﬁ;‘i‘“"
quelque autre ligne pluscompofee. Mais ie m’eftonne
de cequ'ilsn’ont point outre cela diftingué diuers de-
grés entre ces lignesplus compofées , & ie ne {gaurois
comprendre pourquoy ils les ont nommées mechani-
ques, plutoft que Geometriques. Carde direque ¢ait
efte, a caufe qu'il eft befoin de fe feruir de quelque ma-
chine pourlesdefcrire, il faudroit reietrer par mefme
raifon les cércles & les lignes droites;vi qu’onneles de-
{crit fur le papier qu'auec vo compas, & vne reigle, quion
peut aufly nommer des machines. Ce n’eft pas non plus,
acaufe que lesinftrumens, quiferuentales tracer,eftant
pluscompofeés que lareigle & le compas , pe peuuent
eftre fiinftes;car il faudroit pour cete raifon les reietter
des Mechaniques, ou la iuftefle des ouurages qui fortent
delamaineftdefirée; plutoft quedela Geometrie , ou
C’eft feulement lainftefle duraifonnemét qu'onrecher-
Rr 2 che,
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che, & qui peut fans doute eftre aufly parfaite touchant
ceslignes, que touchant les autres. Ie ne diray pas aufly,
que ce foit a caufe qu’ils n’ont pas voulu augmenter le
nombre deleurs demandes., & qu'ils fe fantcontentés
qu'on leur accordaft, qu'ils puffent ioindre deux poins
donnés par vneligne droite , &defcrire vn cercle d'va
centre donné, qui paflaft par vo pointdonné.carils n’ont
point fait de fcrupule de fuppofer outge cela,pour traiter
desfe&ions coniques , qu’on puft coupper tout céne
donne¢parvnplandonné. &ilneft befoin de rien fup-
pofer pour trager toutes les lignes courbes, queiepre-
tensicy d'ineroduire; finon que deux ou plufieurs lignes
puiflent eftre meué€s I'vne par 'autre , & que leursinter-
fe@ions en marquent d’autres ; ce quine me paroift en
rien plusdifficile. 1l eft vray quiilsn’ont pas aufly entie-
rement recenles fe&ions coniques en leur Geometrie,
& ie ne veux pas entreprendre de changer les noms qui
ont eftéapprouues par I'vlage; maisil eft, ce me femble,
tresclair , que prenant comme on fait pour Geometri-
que ce quieft precis & exact , & pour Mechanique
ce quinel’eft pas; & confiderantla Geometrie comme
vne fcience, qui enfeigne generalement a connoiftre les
mefures de tous les cors,on n’en doit pas plutoft exclure
leslignes les plus compofees que les plus fimples, pourvit
qu'on les puiffeimaginer eftre defcrites par vn mouue-
ment continu, ou par plufieurs quis’entrefuiuent & dont
fes derniers foient entierement reglés par ceux qui les
precedent. carpar ce moyen on peut toufiours atoir
vne connoiflance exacte de leur mefure. Mais peuteftre
que ce qui aempefche les anciens Geometres de rege-
uoir
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reject circles and straight lines, since these cannot be described on
paper without the use of compasses and a ruler, which may also be
termed instruments. It is not because the other instruments, being
more complicated than the ruler and compasses, are therefore less
accurate, for if this were so they would have to be excluded from
mechanics, in which accuracy of construction is even more important
than in geometry. In the latter, exactness of reasoning alone®™ is
sought, and this can surely be as thorough with reference to such lines
as to simpler ones.™ I cannot believe, either, that it was because they
did not wish to make more than two postulates, namely, (1) a straight
line can be drawn between any two points, and (2) about a given center
a circle can be described passing through a given point. Id their treat-
ment of the conic sections they did not hesitate to introduce the assump-
tion that any given cone can be cut by a given plane. Now to treat all
the curves which I mean to introduce here, only one additional assump-
tion is necessary, namely, two or more lines can be moved, one upon
the other, determining by their intersection other curves. This seems
to me in no way more difficult."™

It is true that the conic sections were never freely received into

ancient geometry,"”

and I do not care to undertake to change names
confirmed by usage ; nevertheless, it seems very clear to me that if we
make the usual assumption that geometry is precise and exact, while
mechanics is not;"™ and if we think of geometry as the science which
furnishes a general knowledge of the measurement of all bodies, then
we have no more right to exclude the more complex curves than the
simpler ones, provided they can be conceived of as described by a con-
tinuous motion or by several successive motions, each motion being
completely determined by those which precede; for in this way an exact
knowledge of the magnitude of each is always obtainable.

1 An interesting question of modern education is here raised, namely, to what
extent we should insist upon accuracy of construction even in elementary geometry.

41 Not only ancient writers but later ones, up to the time of Descartes, made
the same distinction; for example, Vieta. Descartes’s view has been universally
accepted since his time.

! That is, in no way less obvious than the other postulates.

181 Because the ancients did not believe that the so-called constructions of the
conic sections on a plane surface could be exact.

1) Since it is not possible to construct an ideal line, plane, and so on.
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Probably the real explanation of the refusal of ancient geometers to
accept curves more complex than the conic sections lies in the fact that
the first curves to which their attention was attracted happened to be

(s8]

the spiral™ the quadratrix,™ and similar curves, which really do
belong only to mechanics, and are not among those curves that I think
should be included here, since they must be conceived of as described
by two separate movements whose relation does not admit of exact
determination. Yet they afterwards examined the conchoid,™ the
cissoid,™ and a few others which should be accepted ; but not knowing
much about their properties they took no more account of these than
of the others. Again, it may have been that, knowing as they did only
a little about the conic sections,”™ and being still ignorant of many of
the possibilities of the ruler and compasses, they dared not yet attack
a matter of still greater difficulty. I hope that hereafter those who are
clever enough to make use of the geometric methods herein suggested
will find no great difficulty in applying them to plane or solid problems.
I therefore think it proper to suggest to such a more extended line of
investigation which will furnish abundant opportunities for practice.
Consider the lines AB, AD, AF, and so forth (page 46), which we

may suppose to be described by means of the instrument YZ. This
instrument consists of several rulers hinged together in such a way that
YZ being placed along the line AN the angle XYZ can be increased or
decreased in size, and when its sides are together the points B, C, D,
E, F, G, H, all coincide with A ; but as the size of the angle is increased,

51 See Heath, History of Greek Mathematics (hereafter referred to as Heath),
Cambridge, 2 vols.,, 1921. Also Cantor, Vorlesungen iiber Geschichte der Mathe-
matik, Leipzig, Vol. I (2), n. 263, and Vol. II (1), pp. 765 and 781 (hereafter
referred to as Cantor).

' See Heath, I, 225; Smith, Vol. II, pp. 300, 305.

1 Sea Heath, I, 235, 238; Smith, Vol. II, p. 298.

"] See Heath, I, 264; Smith, Vol. I1, p. 314.

1”2 They really knew much more than would be inferred from this statement.

In this connection, see Taylor, Ancient and Modern Geometry of Conics, Cam-
bridge, 1881.
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uoir celles qui eftoient plus compofées que lesfe@ions
coniques, c’eft que les premieres quils ont confiderédes,
ayant par hafard efté la Spirale, la Quadratrice , & fem-
blables, qui n"appartienent veritablement qu’aux Me-
chaniques, & nefont point dunombre de celles que ie
penfe deuoiricy eftrereceues, a caufe qu'on lesimagine
defcrites par deux mounemens fepares, & qui n’ont en-
tre eux aucun raport qu'on puiffe mefurer exaétement,
bienqu’ils ayent apres examiné la Conchoide , 1a Ciffoi-
de, & quelque peu d’autres quienfont, toutefoisacau-
fe qu'ils n'ont peuteftre pas afl€s remarqué leurs pro-
prietés, ils n’en ont pas fait plus d’eftat que des premie-
res. Oubienc’eft que voyant , qu’ils ne connoiffoient
encore , que peu de chofes touchant les feGtionsconi-
ques, & qu’illeur enreftoit mefme beaucoup, touchant
_ce qui fe peut faire auecla reigle & lecompas , quils
ignoroient,ils ontcreune deuoir pointentamer de ma-
tiere plus difficile. Mais pourceque i'efpere que d’orena-
uant ceux qui auront I'adrefle de fe feruir du calculGeo-
metrique icy propof€, ne trouueront pas affés dequoy
s’arefter touchant les problefmes plans, ou folides; ie
croy qu'il eft a propos que ie lesinuite a d’autres re-

cherches, ol ils ne manquerant iamais d’exercice.
VoyésleslignesAB,A D, AF, & femblables quee
fuppofe auoir efté defcrites par I'ayde de I'inftrument
Y Z,qui eft compofe de plufieurs reigles tellement ioin-
tes, que celle qui eft marquée Y Z eftant areftée furla
ligne A N,on peut ouurir & fermer I'angle XY Z; & que
lorfqu'ileft tout fermé , les poins B, C, D, F, G, H font
tous affemblés au point A ; mais qua mefure qu'on
Rr 3 I'ouure,

45



318 LA GEOMETRIE.

é::: :\ —

Ac\ E\ o\ ™
Fouure, lareigle B C, quieft iointe a angles droits auec
XY au point B, pouffevers Z lareigle CD, qui coule
furY Z enfaifant toufiours desangles droits auec elle,&
C Dpouffe D E, qui coulc tout de mefme fur Y X ende-
meurant parallelea B C,D E poufle E F,EF poufle FG,
cellecy poufle G H. & onen peuntconceuoir vae infinite
d’autres’, qui fe pouffent confequutivement en mefme
fagon, & dont les vaes facent toufiours les mefmes an-
glesauec Y X, &lesautres auec Y Z. Or pendant qu'on
ouureainfil’angle X Y Z le point B defcritlaligne AB,
quieftvncercle, &les autres poins D,F,H, ou fe font
lesinterfections des autresreigles , defcrinent d’autres
lignes courbes AD, AF, AH ,dont les dernieres font
par ordre plus cSpofces que la premiere, & cellecy plus
que le cercle. maisiene voy pas ce qui peut empefcher,

qu’onne concoiue auffy nettement , & aufly diftincte-
ment la defcription de cete premiere,que du cercle, ou

du
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the ruler BC, fastened at right angles to XY at the point B, pushes
toward Z the ruler CD which slides along YZ always at right angles.
In like manner, CD pushes DE which slides along YX always parallel
to BC; DE pushes EF; EF pushes FG; FG pushes GH, and so on.
Thus we may imagine an infinity of rulers, each pushing another, half
of them making equal angles with YX and the rest with YZ.

Now as the angle XYZ is incrcased the point B describes the curve
AB, which is a circle; while the intersections of the other rulers,
namely, the points D, F, H describe other curves, AD, AF, AH, of
which the latter are more complex than the first and this more complex
than the circle. Nevertheless I see no reason why the description of
the first™ cannot be conceived as clearly and distinctly as that of the
circle, or at least as that of the conic sections; or why that of the sec-
ond, third," or any other that can be thus described, cannot be as
clearly conceived of as the first: and therefore I see no reason why
they should not be used in the same way in the solution of geometric

problems.™

3 That is, AD.
") That is, AF and AH.

™ The equations of these curves may be obtained as follows: (1) Let
2

YA=YB=gqa, YC=2x CD=y, YD=1=; then z: x=x : a, whence z= %—-
Also 22 = x2 4 y2; therefore the equation of AD is #*=a?(x2+y2). (2) Let
YA=YB=gqa, YE=4, EF=y, YF=12: Then z:x=x:YD, whence
2
YyD=Z. Also
z

a8

2 : YD=YD : YC, whence YC:£:+x:—2.
z z
But YD : YC=YC : a, and therefore
2 2 o
‘1{: (,2’_:) , OF 2= '\/f
z 2z a
Also, z2 = x2+32. Thus we get, as the equation of AF,
\ 'i: =x2+3?, or 48 =a2(x2+y2)%
(3) In the same way, it can be shown that the equation of AH is

x12 = a2 (x2+32)5,

4

See Rabuel, p. 107.
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1 could give here several other ways of tracing and conceiving a

series of curved lines, each curve more complex than any preceding
one," but I think the best way to group together all such curves and
then classify them in order, is by recognizing the fact that all points of
those curves which we may call “geometric,” that is, those which admit
of precise and exact measurement, must bear a definite relation™ to

all points of a straight line, and that this relation must be expressed by

(78]

means of a single equation.™ If this equation contains no term of

higher degree than the rectangle of two unknown quantities, or the
square of one, the curve belongs to the first and simplest class,”™ which
contains only the circle, the parabola, the hyperbola, and the ellipse;

but when the equation contains one or more terms of the third or fourth

degree™ in one or both of the two unknown quantities™ (for it

requires two unknown quantities to express the relation between two
points) the curve belongs to the second class; and if the equation con-
tains a term of the fifth or sixth degree in either or both of the unknown
quantities the curve belongs to the third class, and so on indefinitely.

"1 “Qui seroient de plus en plus composées par degrez i l'infini.” The French
quotations in the footnotes show a few variants in style in different editions.

) That is, a relation exactly known, as, for example, that between two straight
lines in distinction to that between a straight line and a curve, unless the length
of the curve is known.

™ It will be recognized at once that this statement contains the fundamental
concept of analytic geometry.

- ™ “Dy premier & plus simple genre,” an expression not now recognized. As
now understood, the order or degree of a plane curve is the greatest number of
points in which it can be cut by any arbitrary line, while the class is the greatest
number of tangents that can be drawn to it from any arbitrary point in the plane.

%] Grouped together because an equation of the fourth degree can always be
transformed into one of the third degree.

181 Thus Descartes includes such terms as %y, #292, . . as well as »3, y¢ .....
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dumoins que des fections coniques; ny cequi peut em-
pelcher, qu'on ne concoiue lafeconde, & la troifiefme,
& toutes lesautres, qu’on peut defcrire , aufly bien que
lapremiere; ny par confequent quon ne les recoiue
toutes en mefme fagon, pour feruir aux fpeculations de
Geometrie.

Ie pourroismettre icy plufieurs autres moyens pourLa ficon
tracer & congeuoir deslignes courbes, qui {eroient de de diftin-

ucr rou-

plus en plus compofées par degrés a linfini. mais pourres les li-
comprendre enfemble toutes celles, quifont enla natu- £
re , &lesdiftinguer par ordre encertains genres ;  ie ne certains

{gache rien de meilleur que dedire que tous les poins, de g B
celles quon peut nommer Geometriques , c’eft a dirgnroiftre le
qui tombent fous quelque mefure precife & exacte, ont.:lfﬁg?f

tous leurs

geccﬁ'airfement'quelquc rapport a tous les poins d’vne-Poins .
ligne droite, qui peut eftre exprime par quelque equa-ccuxdes
tion, entous par vnemefme, Et que lorfque ceteequaz 15
tion ne monte que iufques au rectangle de deux quanti-
tésindeterminées, oubien au quarré d’'vne mefme, la li-
gne courbe eft du premier & plus fimple genre, dans le~
quelil ny aquele cercle, la parabole, I'hyperbole , &
IEllipfe qui foient comprifes. mais que lorfque I'equa-
tion monteiufques ala trois ou quatriefme dimenfion
des deux,oude I'vhe des deux quantites indeterminées,
car il en faut deux pour expliquer icy le rapport d’'vn
point a vo autre,elle eft du fecond:& que lorfque I'equa-
tion monte iufques a la 5 ou fixiefme dimenfion, elle
eX dutroifiefme; & ainfi desautres al'infini.

Comme fiie veux fcauoir de quel genre eft la ligne
E C, quei'imagineeftre defcrite par FinterfeGion de Ia

reigle-
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reigle G L, & duplanre&iligne CN K L, dontle cofté
KN eftindefiniement prolongévers C , & qui eftant
meufurleplande deflous enligne droite, c’eftadire en
telle forte que fon diametre K L fe trouue toufiours ap-
pliquéfur quelque endroit delaligne B A prolongée de
part & d’autre, fait mouuoir circulairement cete reigle
G L autour du point G, a caufe quelle luy eft tellement
iointe quelle paffe toufiours par le point L. Ie choifis
vneligne droite,comme A B,pour rapporterafes diuers
poins tousceux de cete ligne courbe E C, &en cete li-
gne A B ie choifis vn point, comme A, pour commencer
parluy ce calcul. Iedisqueiechoifis & I'vn & 'autre, a
caufe qu'il eftlibredeles prendretels qu'on veult. car
encore qu'il y ait beaucoup de choix pour rendre 'equa-
tion plus courte, & plusayfée; toutefoisen quelle fagon
qu’on les prene, on peut toufiours faire que la ligne pa-
roiffe de mefme genre, ainfi quil eft ayfc’ a demonttrer.

Apréds
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Suppose the curve EC to be described by the intersection of
the ruler GL and the rectilinear plane figure CNKL, whose side
KN is produced indefinitely in the direction of C, and which, being
moved in the same plane in such a way that its side'™ KL always coin-
cides with some part of the line BA (produced in both directions),
imparts to the ruler GL a rotary motion about G (the ruler being
hinged to the figure CNKL at L)."™ If I wish to find out to what
class this curve belongs, I choose a straight line, as AB, to which to
refer all its points, and in AB I choose a point A at which to begin the
investigation.™ I say ‘“choose this and that,” because we are free to
choose what we will, for, while it is necessary to use care in the choice
in order to make the equation as short and simple as possible, yet no
matter what line I should take instead of AB the curve would always
prove to be of the same class, a fact casily demonstrated."”

8] “Diametre.”

®] The instrument thus consists of three parts, (1) a ruler AK of indefinite
length, fixed in a plane; (2) a ruler GL, also of indefinite length, fastened to a
pivot, G, in the same plane, but not on AK; and (3) a rectilinear figure BKC, the
side KC being indefinitely long, to which the ruler GL is hinged at L, and which
is made to slide along the ruler GL.

18 That is, Descartes uses the point A as origin, and the line AB as axis of
abscissas. He uses parallel ordinates, but does not draw the axis of ordinates.

! That is, the nature of a curve is not affected by a transformation of
coordinates.
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Then I take on the curve an arbitrary point, as C, at which we will
suppose the instrument applied to describe the curve. Then I draw
through C the line CB parallel to GA. Since CB and BA are unknown
and indeterminate quantities, I shall call one of them y and the other .
To the relation between these quantities I must consider also the known
quantities which determine the description of the curve, as GA, which
I shall call a; KL, which I shall call b; and NL parallel to GA, which
I shall call c. Then I say that as NL is to LK, or as c is to b, so CB, or

y, is to BK, which is therefore equal to éy. Then BL is equal to

gy—b, and AL is equal to » + g y—2>b. Moreover, as CB i5 to LB,

that is, as y is to é y—b,s0 AG or ais to LA or x-}-g y—>b: Multi-

plying the second by the third, we get a71> y—ab equal to
xy%-gy“—bw

which is obtained by multiplying the first by the last. Therefore, the
required equation is
, ex
Y =cy——5y+ay—ac
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Apréscelaprenant vn point a difcretion dans [acourbe,
comme C, fur lequel ie fuppofe que I'inftrument qui fert
aladefcrire eft appliqué, ie tire de ce point C-laligne
CBparalleleaG A, & pourceque CB & B A fontdeux
quantités indeterminées & inconnués , ie les nomme
I'vney & l'autre ». maisaffin de trouuer le rapport de
I'vnealautre; ie confidere aufly les quantités connués
qui determinent la defcription de cete ligne courbe,
comme G A que ienomme 2, KL que ie nomme &, &
N LparalleleaG A queienomme ¢. puis ie dis, comme
NLeftaLK;oucab,ainfiCB,ouy, et aBK, qui eft

par confequent ‘:_y: &B Le&—i y-b,& A Leftx+
—f—y --4.de pluscomme C Beft 1L B,ouya -f-_y--b, ainfi

a,00GA,cft4d LA, oux —l—éy -~ b.de fagon que mul-
St tipliant
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. #b
tipliant lafeconde par la troiffefme on produit f;-y -ab,

qui eft efgalea xy -l-%y y-- byqui fe produiten multi-

pliant Ia premiereparla derniere. & ainfi 'equation qu'il
falloittrouuereft ,

yy® cy--Gy-tay--ar.
delaquelle on connoift quelaligne EC eft de premier
genre , comme en effett elle n'eft autre qu'vne Hy-
perbole.

Que fi en linftrument qui fert a la defcrire on fait
qu'aulieu delalignedroite CN K, ce foit cete Hyper-
bole, ou quelqueautre ligne courbe du premier genre,
quitermine le plan C NKL; l'interfetion de cete ligne
&delareigle G L defcrira, aulieu de 'Hyperbole E C,
vhe autreligne courbe, qui feradu fecond genre. Com-
me fiC N Keft vacercle, dont L foit 1é centre , on de-
{criralapremiere Conchoidedes anciens ; & fi c'eft vne
Parabole dont lediametre foit K B, oridefcrira la ligne
courbe, que i'ay tantoft dit eftre la premiere,, & laplus
fimple pour la queftion dePappus,lorfqu’il n’y aque cing
lignes droites donnees par pofition. Mais fiau lieud'vne
deceslignes courbesdu premier genre , c’en eft voe du
fecond, quitermineleplan CN KL, on en defcrira par
fon moyen vne du troifiefme, ou fi c’en eff vne du troifi-
cfme, oiren defcrira vne du quatriefme, & ainfi a 'infini.
comme il eft fort ayf¢a connoiftre par le calcul. Et en
quelque autre fagon, qu'on imagine la defcription d’vne
ligne courbe , pourviiqu’elle foit du nombre de celles
qucienomme Geometriques, on pourra toufiourstrou-

uer
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From this equation we see that the curve EC belongs to the first class,
it being, in fact, a hyperbola."™

If in the instrument used to describe the curve we substitute for the
rectilinear figure CNK this hyperbola or some other curve of the first
class lying in the plane CNKL, the intersection of this curve with the
ruler GL will describe, instead of the hyperbola EC, another curve,
which will be of the second class.

Thus, if CNK be a circle having its center at L, we shall describe
the first conchoid of the ancients,”” while if we use a parabola having
KB as axis we shall describe the curve which, as I have already said,
is the first and simplest of the curves required in the problem of Pappus,
that is, the one which furnishes the solution when five lines are given
in position."*?

1% Cf, Briot and Bouquet, Elements of Analytical Geometry of Two Dimen-
sions, trans. by J. H. Boyd, New York, 1896, p. 143.

The two branches of the curve are determined by the position of the triangle
CNKL with respect to the directrix AB. See Rabuel, p. 119.

Van Schooten, p. 171, gives the following construction and proof: Produce
AG to D, making DG = EA. Since E is a point of the curve obtained when
GL coincides with GA, L with A, and C with N, then EA =NL. Draw DF
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes

are DF and FA. To prove that this hyperbola is the curve given by the instru-
ment described above, produce BC to cut DF in I, and draw DH parallel to AF

. D G K A
meeting BC in H. Then KL : LN =DH : HI. But DH = AB = 1, so we may
write b : ¢=2x : HI, whence HI:%E, IB':a+c—%, IC:a+c—-CTx—y.

But in any hyperbola IC.BC = DE.EA, whence we have (a+c——c% —y)y=ac,

c - . . L
or y’:cy—%y+ay—ac. But this is the equation obtained above, which is

therefore the equation of a hyperbola whose asymptotes are AF and FD.

ng Schooten, p. 172, describes another similar instrument: Given a ruler
AB pivoted at A, and another BD hinged to AB at B. Let AB rotate about A
so that D moves along LK; then the curve generated by any point E of BE will
ReBan Elgpse whose semi-major axis is AB+ BE and whose semi-minor axis is

::; IS:eé not(els 59 and 70.

or a discussion of the elliptic, parabolic, and hyperbolic conchoids see
Rabuel, pp. 123, 124. P
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If, instead of one of these curves of the first class, there be used a
curve of the second class lying in the plane CNKL, a curve of the third
class will be described ; while if one of the third class be used, one of
the fourth class will be obtained, and so on to infinity."! These state-
ments are easily proved by actual calculation.

Thus, no matter how we conceive a curve to be described, provided
it be one of those which I have called geometric, it is always possible
to find in this manner an equation determining all its points. Now I
shall place curves whose equations are of the fourth degree in the same
class with those whose equations are of the third degree; and those
whose equations are of the sixth degree™ in the same class with those
whose equations are of the fifth degree”™ and similarly for the rest.
This classification is based upon the fact that there is a general rule for
reducing to a cubic any equation of the fourth degree, and to an equa-
tion of the fifth degree"™ any equation of the sixth degree, so that the
latter in each case need not be considered any more complex than the
former.

It should be observed, however, with regard to the curves of any
one class, that while many of them are equally complex so that they
may be employed to determine the same points and construct the same
problems, yet there are certain simpler ones whose usefulness is more
limited. Thus, among the curves of the first class, besides the ellipse,
the hyperbola, and the parabola, which are equally complex, there is
also found the circle, which is evidently a simpler curve; while among
those of the second class we find the common conchoid, which is
described by means of the circle, and some others which, though less

(o1}

%! Rabuel (p. 125), illustrates this, substituting for the curve CNKL the semi-
cubical parabola, and showing that the resulting equation- is of the fifth degree,
and therefore, according to Descartes, of the third class. Rabuel also gives (p. 119),
a general method for finding the curve, no matter what figure is used for CNKL.
Let GA=a, KL=0b, AB=121, CB=y and KB =2z; then LB=2—b, and
AL=2+2z—b. Now GA: AL=CB:BL, or a:s+z—b=y.: z—b,
#y —by+ab

a—y

This value of z is independent of the nature of the figure CNKL. But given
any figure CNKL it is possible to obtain a second value for s from the nature of
the curve. Equating these values of s we get the equation of the curve.

191 “Celles dont ’équation monte au quarré de cube.”

"1 “Celles dont elle ne monte qu’au sursolide.”

%) “ Ay sursolide.”

whence z =
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wer vne equation peur determiner tous fes poins en cete
forte.

Au refte ie mets les lignes courbes qui font monter
ceteequation iufques au quarre'de quarré , au mefme
genre que celles qui ne la font monter que iufques au
cube. & cellesdontl’'equation monte au quarré de cu-
be,au mefine genre que celles dont elle ne monte quau
furfolide. & ainfidesautres. Dontlaraifoneft, qu'ily a
reigle generale pour reduire au cube toutes les difhcul-
tds quivont au quarréde quarré, &au furfolide toutes
celles qui vontau quarré de cube, de fagon qu‘on ne les
doit point eftimer plus compofées.

Maisil eft aremarquer qu’entre les lignes de chafque

genre, encore que la plus part foient efgalement compo-
fées , en forte qu'elles penuent feruir a déterminerles
mef{mes poins, & conftruire les mefmes problefimes, il y
ena toutefoisaunfly quelques vnes, quifont plus fimples,
& qui n'ont pastant d’eftendue enleur puiffance. com-
meentre celles du premier genre outre 'Ellipfe I'Hyper-
bole & la Parabole qui font efgalement compofe’es JIe
cercle y eftaufly compris, qui manifeftement eft plus
fimple: & entre cellesdu fecond genreily ala Conchoi-
de vulgaire, qui afon origineducercle; &ily ena en-
core quelques autres, qui bien quelles nayent pas tant
d'eftendue quela plus part de celles du mefine genre,
ne peuuent toutefois eftre mifes dans le premier.

Or aprés auoir ainfi reduit toutes les lignes courbes a f:;‘cl,‘i:
certains geores, il m'eft ayt¢ de pourfuiure en la de- tiot, dela
monftration de larefponfe, quei'ay tantoftfaite ala que- j:;f:;o.;s
ftionde Pappus. Car premierement ayant fait voir cy '?‘ifwf

ST 2 deflus, i':;:.frc'
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324 LA GEOMETRIE
deflus , quelorfqu’il n’y a quetrois ou 4 lignes droites
données, 'equation qui fert a determiner les poins cher-
chés, ne monte queinfques au quarré; il eft enident,que
la ligne courbe ou fe trouuent ces poins, eft neceflaire-
ment quelqu vne de celles du premier genre:a caufe que
cete mefine equation explique le rapport, qu’ont tous
les poins des lignes du premier genre a ceux d’vne ligne
droite. Et quelorfqu’il n’ya pointplusde 8 lignes droi-
tesdonnées , cete equationne monte que iufques au
quarréde quarré toutauplus, & que par confequent la
ligne chercheene peuteftre que dufecond genre, ouau
deflous.Et que lorfqu’iln’y a point plus de 12 lignes don-
nées , Yequation ne monte que iufques an quarréde cu-
be, & que par confequent laligne cherchee n’eft quedu
troifiefme genre, ouaudeffous. & ainfi des autres. Et
mefme a caufe que la pofition deslignes droites données
peut varier en toutes fortes, & parconfequent faire cha-
ger tantles quantités connués, queles fignes —+ & -- de
I'equation, entoutesles fagons imaginables ; il eft eui-
dentqr'iln’ya aucune ligne courbe du premier genre,
qui ne foi¢ vtilea cete queftion, quandelle eft propofee
en 4lignes droites; ny aucune dufecond qui n yfoit vti-
le, quand elleeft propofée en huit ; ny du troifiefme,
quand elle eft propofee en douze: & ainfi desautres. En
forte qu'iln’y a pas vneligne courbe quitombe fous le
solution calcul & puiffe eftre receiie en Geometrie , quin’yfoit
decere  vtile pour quelque nombre delignes.
quandelle  Maisil faut icy plus particulierement queie determi-
n’eft pro- . e .
poie  De, & donnclafagonde trouuer laligne cherchee , qui
2:’:‘;{_ fert en chafque cas, lorfqu'il ny a que 3 ou 4lignes droi-

gaes.. tes
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complicated™ than many curves of the same class, cannot be placed
in the first class.”™

Having now made a general classification of curves, it is easy for me
to demonstrate the solution which I have already given of the prob-
lem of Pappus. For, first, I have shown that when there are only three
or four lines the equation which serves to determine the required
points™ is of the second degree. It follows that the curve containing
these points must belong to the first class, since such an equation
expresses the relation between all points of curves of Class I and all
points of a fixed straight line. When there are not more than eight
given lines the equation is at most a biquadratic, and therefore the
resulting curve belongs to Class II or Class I. When there are not
more than twelve given lines, the equation is of the sixth degree or
lower, and therefore the required curve belongs to Class III or a lower
class, and so on for other cases,

Now, since each of the given lines may have any conceivable posi-
tion, and since any change in the position of a line produces a corre-
sponding change in the values of the known quantities as well as in
the signs 4 and — of the equation, it is clear that there is no curve
of Class I that may not furnish a solution of this problem when it
relates to four lines, and that there is no curve of Class II that may not
furnish a solution when the problem relates to eight lines, none of
Class III when it relates to twelve lines, etc. It follows that there is
no geometric curve whose equation can be obtained that may not be
used for some number of lines."™

It is now necessary to determine more particularly and to give the
method of finding the curve required in each case, for only three or

3] “Pas tant d’étendué.” Cf. Rabuel, p. 113. “Pas tant d’étendue en leur
puissance.”

] Various methods of tracing curves were used by writers of the seventeenth
century. Among these there were not only the usual méthod of plotting a curve
from its equation and that of using strings, pegs, etc., as in the popular construc-
tion of the ellipse, but also the method of using jointed rulers and that of using
one curve from which to derive another, as for example the usual method of
describing the cissoid. Cf. Rabuel, p. 138.

%1 That is, the equation of the required locus.

1%} “En sorte qu’il n’y a pas une ligne courbe qui tombe sous le calcul & puisse
étre receué en Geometrie, qui n'y soit utile pour quelque nombre de lignes.”
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four given lines. This investigation will show that Class I contains
only the circle and the three conic sections.

Consider again the four lines AB, AD, EF, and GH, given before,
and let it be required to find the locus generated by a point
C, such that, if four lines CB, CD, CF, and CH be drawn through it
making given angles with the given lines, the product of CB and CF

is equal to the product of CD and CH. This is equivalent to saying
that if

CB=y,
CD — czy —|—2 bAc,v’
CF— %Y + dezk_—_l— dc:’

2
and cnzw__tfgj—ﬂ,

then the equation is

. (cfgle — dckz?)y — (dez® + cfgz — begz) xy + befgle — befga®
o ez’ — cgz? ’

y
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tesdonnées, & on verra par mefme moyen que le pre-
mier genre des lignes courbes n’en contient aucunes au-
tres, queles trois fections coniques, & le cercle.

Reprenonsles 4lignes AB, AD, EF, & GH don-
nées cy deflus, & qu'il failletrouuer vne autre ligne , en
laquelleilfe rencontre vne infinité de poins tels que C,
duquel ayanttire¢les 4 lignes CB,CD,CF,& CH, a
angles donnés, fur les données, C B multiplice par CF,
produift une fomme efgalea C D, multipli¢e par CH.

czy kbex,
2z

c’eft a dire ayant fait CB y,C D

ey kdek fdex, g£zy »Pfgl--fgx, R e
CEFx> T&CH&) ————lequatiG eft

dekzz Y _-dezzx Tobefglx }
_yyl) +ocfglz }y --cfgzx }}' --bcfgxx
Fbegzx

e1X% --egrz.
St 3 au
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au moins en fuppofant e g plus grand que ¢ g.cars'il eftoit
moindre, il faudroit changer tous les fignes -~ & --. Et
fila quantité y fe trouuoit nulle, ou moindre querienen
cete equation, lorfqu'on afuppof¢ le point C enI'angle
D AG, ilfaudroitle fuppoferaufly enl'angle DA E , ou
E AR, ouRAG,enchangeantles lignes + &-- felon
qu'ilferoit requisa ceteffet. Etfien toutes ces 4 po-
fitionslavaleurd’y fe trouuoit nulle , Ia queftion feroit
impoflible au cas propofé. Mais (uppofons la icy eftre

poflible, & pourenabreger lestermes, au licu des quan-
cfglz.-- d elzz

tites ~ efcrivons 2m , & au lien de
ez.--cgz,z
dezzlcfgz--beg . 2n .
S g efcrivons —; & ainfi nous au-
€X--c823
rons

1n kbefgle --befgxx
yyD2amy--"%y

ne eft

nz VY , wmnx mnnaxxekbcfglx- befgxx,
yom-"=+7V m Ty

ez--cgxz

, dont la raci-

3
ez--cgzz

& derechefpourabreger , au lieude

mn  be b
--iz -+ f‘g efcrivonso,&au lieu de fe

e~ cgzz e--cgzz

. 4 . .
efcrivons ;. car ces quantités eftant toutes donnees,

nons les pouuons nommer comme il nous plift. &
ainfi nous auons

¥y mm__l’,x +V mm—+ ox-- ’ixx qui doit eftrela
longeur de la ligne B C, en laiffant A B, ou x indeter-
mince.

62



SECOND BOOK

It is here assumed that ez is greater than cg; otherwise the signs +
and — must all be changed."™ If y is zero or less than nothing in this
equation,™ the point € being supposed to lie within the angle DAG,
then C must be supposed to lie within one of the angles DAE, EAR,
or RAG, and the signs must be changed to produce this result. If for
each of these four positions v is equal to zero, then the problem admits
of no solution in the case proposed.

Let us suppose the solution possible, and to shorten the work let us

write 2 instead of /82— dekZ
e’ — g

dez® —
, and-z—ninstead of 22 -|—3cfgz 2bcgz.
2 ez’ — cgz
Then we have

befgly —b 2
+ fg cfgx

2n
F=2my— oy ez* —cgz® '

of which the root"™ is

_ nx 2mnx  n*x®  befgly — befgat
= m — 2__
Y s \/m PR ez —cgzt

2
s befgl - equal to o, and

Again, for the sake of ity, put — 22— caz®
gain, for the sake of brevity, put 2 ez — cgz

n? befg 2 - . .
o m equal to Pt for these quantities being given, we can

[100)

represent them in any way we please. Then we have

3"=m’—2x+\/m"’—|—ox+£x2
z m” "
This must give the length of the line BC, leaving AB or # undeter-

) When ez is greater than cg, then ¢s® — cgs? is positive and its square root
is therefore real.

] Descartes uses “moindre que rien” for “negative.”

I Descartes mentions here only one root; of course the other root would fur-
nish a second locus.

1% Tn a letter to Mersenne (Cousin, Vol. VII, p. 157), Descartes says: “In
regard to the problem of Pappus, I have given only the construction and demon-
stration without putting in all the analysis; . . . in other words, I have given the
construction as architects build structures, giving the specifications and leaving
the actual manual labor to carpenters and masons.”
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mined. Since the problem relates to only three or four lines, it is obvi-

ous that we shall always have such terms, although some of them may

vanish and the signs may all vary.""

After this, I make KI equal and parallel to BA, and cutting off on
BC a segment BK equal to m (since the expression for BC contains
~+ m; if this were —m, I should have drawn IK on the other side of
AB,"™ while if m were zero, I would not have drawn IK at all). Then
I draw IL so that IK : KL = z : #; that is, so that if IK is equal to p,

KL is equal to gx. In the same way I know the ratio of KL to IL,
which I may call » :a, so that if KL is equal to gx, IL is equal to
gx. I take the point K between L and C, since the equation contains
- g.r; if this were -+ gx, I should take L between K and C;"™ while if

Zx were equal to zero, I should not draw IL.

This being done, there remains the expression

LC=\/m2 +ox+;%x2,
.from which to construct LC. It is clear that if this were zero the point

1 Having obtained the value of BC algebraically, Descartes now proceeds to
construct the length BC geometrically, term by term. He considers BC equal to
BK+ KL+ LC, which is equal to BK — LK+ LC which in turn is equal to

m— ;_l"+\/m2+ or+2 22,
m

(1% That is, take I on CB produced.
(%) That is, on KB produced. C is not vet determined.
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minde. Et il eft euident que la queftion n’eftant pro-
pofce qu'en trois ou quatre lignes, on peut toufiours
auoirde tels termes. excepte que quelques vos d’eux
peuuent eftre nuls, & que les fignes -+ & -- peuuent di-
uerfement eftre.changés.

Apréscelaie fais K1 efgale & parallele aB A, en forte
qu'ellecouppede B Clapartie BK efgale 2 m, 4 caufe
quil y a icy + m; & iel'aurois adiouftée entirant cete
ligne I K del'autre cofté, s’ily auoit eu--m; &ienel'au-
rois point dutouttirce, fi la quantite m euft eft¢ nullé,
Puisietire auflyl L, en forte que laligne IKeftaK L,
comme Zeftan c'eft adire que IK eftantx, KL eft

” - . .
7% Etpar mefme moyenie connois aufly la proportion

qui
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quieftentreKL, &I L, queiepofe commeentrez & a:

fibienque K L eftant %x,l Left %x ; Etie fais quele

point K foit entre L & C, a caufe qu'il y aicy -- -E x5

3

. [3) . . . »
au lieu que i'aurois mis Lentre K & C,fi i'eufle en+- -;

& ie n’eufle point tirecete ligne 1L, f : x euft eft¢nulle,
Or celafait,il ne merefte pluspour laligne L C, que

P » N e
cestermes, L C oV mm+ ox --,%%. doltievoy

que s'ils eftoient nuls, ce point C fe trouueroit en 1a li-
gnedroite I L;& que s'ils eftoient tels que laracine s’en

pufttirer,c’efta dire que mm &;ix % eftant marqués
d'vn mefime figne - ou--, oo fuft efgald 4p m, oubien

que les termesmm &o x,0u0x &2 xx fuffent nuls, ce
point C fe trouueroit en vne autre ligne droite qui ne fe-
roit pas plus malayfée a trouuer qu’ IL. Mais lorfque
celan’eft pas, ce point C eft toufiours enl'une des trois
{fe&ions coniques, ou en vn cercle , dont I'vn des dia.
metres eftenlaligne IL, & laligne L Ceft'vne de cel-
les qui sappliquent par ordre 2 ce diametre; ouau con-
traire L Ceft parallele au diametre , auquel celle qui eft
en laligne I L eft appliquée par ordre. A favoir file ter-

me 5; x %, eft nul cete fe@tion.conique eft vne Parabole;

& s'ileft marqué dufigne +- , c’eft vne Hyperbole ; &
enfin’s’il eft marqué du figne -- c’eft vnie Ellipfe. Excepte
feulement fi la quantit€ azam eft efgale 2 p3z & que I'an-
gle 1L C foit droit : auquel cas on a vncercleau lien
d’'voe
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C would lie on the straight line IL;"* that if it were a perfect square,
that is if m? and% #? were both 4" and 0® was equal to 4pm, or if
?
m
another straight line, whose position could be determined as easily
as that of IL.""

If none of these exceptional cases occur,"™ the point C always lies
on one of the three conic sections, or on a circle having its diameter
in the line IL and having LC a line applied in order to this diameter,"*
or, on the other hand, having LC parallel to a diameter and IL applied
in order.

m? and ox, or ox and = #°, were zero, then the point C would lie on

In particular, if the term %x” is zero, the conic section is a parabola;

if it is preceded by a plus sign, it is a hyperbola; and, finally, if it is

preceded by a minus sign, it is an ellipse."™ An exception occurs when

0194 The equation of IL is y =m — ’zix.
%) There is considerable diversity in the treatment of this sentence in differ-
ent editions. The Latin edition of 1683 has “Hoc est, ut, mm & %xx signo +

notalis.” The French edition, Paris, 1705, has “C’est 4 dire que mm et %x: étant

»

marquez d'un mdéme signe + ou —” Rabuel gives “C’est a dire que mm and

%xx étant marquez d’'un méme signe +.” He adds the following note: “Il y a

dans les Editions Francoises de Leyde, 1637, et de Paris, 1705, ‘un meme signe +
ou —', ce qui est une faute d’impression.” The French edition, Paris, 1886, has
“Etant marqués d’'un meme signe + ou —.”

0l Note the difficulty in generalization experienced even by Descartes. Cf.
Briot and Bouquet, p. 72.

0o “Mais lorsque cela n'est pas.” In each case the equation giving the value
of y is linear in # and y, and therefore represents a straight line. If the quantity

under the radical sign and ;x are both zero, the line is parallel to AB. If the

quantity under the radical sign and m are both zero, C lies in AL.

(9% “An ordinate.” The equivalent nf “ordination application” was used in the
16th century translation of Apollonius. Hutton’s Mathematical Dictionary, 1796,
gives “applicate,” “Ordinate applicate,” was also used.

0% Cf, Briot and Bouquet, p. 143.
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@*m is equal to pz* and the angle ILC is a right angle,"™ in which case
we get a circle instead of an ellipse.™

If the conic section is a parabola, its latus rectum is equal to % and
a

its axis always lies along the line IL." To find its vertex, N, make

2
IN equal to a—‘;’z’—, so that the point I lies between L and N if m? is posi-

tive and ox is positive; and L lies between I and N if m? is posi-
tive and ox negative; and N lies between I and L if m? is negative and
ox positive. It is impossible that m? should be negative when the terms’
are arranged as above. Finally, if m?* is equal to zero, the points N and
I must coincide. It is thus easy to determine this parabola, according
to the first problem of the first book of Apollonius™.
If, however, the required locus is a circle, an ellipse, or a hyper-

bola,™ the point M, the center of the figure, must first be found. This

10 Rabuel (p. 167) adds “If a>m = ps2 or if m =p the hyperbola is equi-
lateral.”

M1 I this case the triangle ILK is a nght triangle, whence IK? = LK? + IC?;
but by hypothesis IL : IK : KL=a: z: n; then a>+n2 =22 Now the equa-
tion of the curve is

— ?
y=m z+x¢m2+oz—;n-x’,
and therefore the term in 22 is
2

and if a?m — pz2, then ;%‘: —» and this term in #2 becomes —;— d +”
Therefore, the coefficients of 22 and 92 are unity and the locus is a circle.
0117 This may be seen as follows: From the figure, and by the nature of the

parabola LC= LN.p and LN=IL+IN. Let IN = ¢; then since IL = %x, we
have LN = gx-i-tﬁ and LC= y—nt-f-ﬁx; whence (y—m-l--?x)z = (gx+¢)p.
But (y—m-+ — .r)“ = m2+ox from the equation of the parabola; therefore

;_rp +¢p=m2+oxr. Equating coefficients, we have E p=o; p= —a—; ¢p = m?;

o_z_ 2, _ an’
p—=m?;, ¢= o7
| ﬁallomt Pergacii Quae Graece exstant edidit 1. L. Heiberg, Leipzig, 1891.
Vol. I, p. 159, Liber I, Prop. LII. Hereafter referred to as Apollonius. This
may be freely translated as follows: To describe in a plane a parabola, having
given the parameter, the vertex, and the angle between an ordinate and the corre-
sponding abscissa.
41 Central conics are thus grouped together by Descartes, the cu'cle being
treated as a special form of the ellipse, but being mentioned separately in all cases.
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d'vne Ellipfe. Que fi cete fection eft vne Parabole, fon

coftédroit eft efgal 2 07{, & fon diametre eft toufiours en.
laligne IL. & pour trouuer le point N, qui en eftle

amm

fommet, il faut faire I N efgale &' ——; & que le point I

0z 3
foitentre L & N files termesfont -+ m m -~ o x; oubien
quelepoint L foitentre I& N, s'ils font + mm -- o x5
oubien il faudroit qu'N fuft entre I & L, sil y auoit
-~ mm- ox. Mais il ne peut iamais y auoir
--mm, enla fagon que les termes onticy efte pofes. Et
enfin le point N feroit le mefme que le pointI {i la quan-
tit€ mmeftoitnulle. Au moyen dequoy il eft ayf¢ de
trouuer cete Parabole parle <. Problefme du 17, liure
d’Apollonius.
Tt Qu
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Que filaligne demadée eft vn cercle,ou vne ellipfe,ou
vne Hyperbole , il faut premierement chercherle point
M, quieneftle centre, & qui eft rouf ours en laligne

droite 1L, ouonletrouue en prenant T = pour IM. en

forte que fila quantité o eft nulle,ce centre eft iuftement
aupoint I. Et fila ligne cherchce eft vn cercle, ouvne
Ellipfe; ondoit prendre lé point M dumefmée cofté que
le point L, au refpect du point I, lorfqu’on a + o x; &
lorfqu'on -- 0%, onle doit prcndrc de l'autre. Mais
tout au contraire en 'Hyperbole, fiona--ox, ce centre
M doit eftre versL; & fion a -+ o, il doit eﬁrc del'au-
tre coftd. Aprés celale cofté droit de la figure doiteftre
V%—i— 222 Jorfquion a -+ m m, & que la ligne
cherchée eft vn cercle, ou vne Ellipfe ; oubien lorfqu'on
a--mm, & que c’eft vne Hyperbole. & il doit eftre
1/' 0ozz 4w p

“fila ligne cherchde eftant vn cercle,

ou vneElhpfe, oné-amm oubien fi eftant vne Hyper-
bole & la quantités o eftant plusgrande que 4 mp, on 2
+mm. Quefi laquantitémmeft nulle, ce coftédroit

X, & fioxeft onlle,ileft ¥/ *ZLZL Puis pour le cofté

travcrfant il faut trouuer vne hgne qui foita ce cofte¢

droit, come za meft &p 2 3,2 fgauoir fi ce cofte droit eft
3

1/ 00zz 4mp 1/ aaoomm _’_Mmm
aa pp2z topzra.
Et entous ces casle diametre de lafetion eft enlaligne

I'M, &L CeftI'vnedecelles qui luy eft appliquee par
ordre. Sibienque faifant M N efgale ala moitid du cofte
trauers
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will always lie on the line IL and may be found by taking IM equal to
a0 (45
2pz”

is a circle or an ellipse, M and L must lie on the same side of I when
the term ox is positive and on opposite sides when o is negative. On
the other hand, in the case of the hyperbola, M and L lie on the same
side of I when ox is negative and on opposite sides when ox is positive.

The latus rectum of the figure must be

\]0222 Ampz*

a? + at

If o is equal to zero M coincides with I. If the required locus

if m? is positive and the locus is a circle or an ellipse, or if m? is nega-
tive and the locus is a hyperbola. It must be
022‘1 4mp22

at a?

if the required locus is a circle or an ellipse and m? is negative, or if it
is an hyperbola and o? is greater than 4mp, m* being positive.

cp o . 0% e .
But if m® is equal to zero, the latus rectum is — ;and if 0z is equal to

zero™, it is
dmpz®

az

For the corresponding diameter a line must be found which bears

. alm .. .
the ratio 7;,— to the latus rectum; that is, if the latus rectum is
0222 4mpzt
=t e

the diameter is

a*o’m® = 4a*m?
iz T 2 °
bz bz
In cvery case, the diameter of the section lies along IM, and LC is one
of its lines applied in order.™™ It is thus evident that, by making MN
equal to half the diameter and taking N and L on the same side of M,
18 Cf Briot and Bouquet, p. 156.
19 Some editions give, incorrectly, ox for os.
U1 See note 108.
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118)

the point N will be the vertex of this diameter.™™ Tt is then a simple
matter to determine the curve, according to the second and third prob-
lems of the first book of Apollonius.”™

When the locus is a hyperbola"™ and m? is positive, if 0? is equal to
zero or less than 4pm we must draw the line MOP from the center M
parallel to LC, and draw CP parallel to LM, and take MO equal to

\/m’ oim,
-5

while if ox is equal to zero, MO must be taken equal to m. Then con-
sidering O as the vertex of this hyperbola, the diameter being OP and
the line applied in order being CP, its latus rectum is

datmt  atind
s P

\/ dm? o*m
7

W8 1f the equation contains —m?2 and +nz, then n? must be greater than
4mp, otherwise the problem is impossible.

81 Cf. Apollonius, Vol. I, p. 173, Lib. I, Prop. LV: To describe a hyperbola,
given the axis, the vertex, the parameter, and the angle between the axes. Also
see Prop. LVI: To describe an ellipse, etc.

U= Cf, Letters of Descartes, Cousin, Vol. VIII, p. 142,

U8 “Coté traversant.”

and its diameter™ is
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trauerfant & le prenant du mefine coft¢ du point M,
qu'eftle point L, on ale point N pour le fommet de ce
diametre .en fuite dequoy il eft ayf¢de trouuer la fe¢tion
parlefecond & 3 prob. du rex, liu.d’Apollonius

Mais quand cete fection eftant vne Hyperbole, on 2
-+ mm; & que la quantité o o eft nulle ou plus petite que
4p m,on doittirer du centre M laligne M O P parallele a
LC, & C P parallele 2 LM: & faire MO efgale a
V mme- %’; oubien lafaire efgaled mfila quantite o x
eftnulle. Puis confiderer le point O, come le fommet
de cete Hyperbole; dont le diametreeft OP, & CP la

Tt 2 ligne
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ligne quiluy eft appliquée par ordre, & fon coftddroireft

P ———————— .
3A%4mié avoom?’ - o0 m,
v 7 o & fon coftétraversitefe ¥ gmm- —"P—-

Exceptequand o« eft nulle.car alors le cofte droit efo

2aanrm

oo &letraverfanteft 2 m. & ainfi il eft ayf¢ de la
trouuer par le 3 prob.du 1. liu. d’ Apollonius.
Demon

naion  Ltlesdemonfirations de tout cecy font enidentes.car
detoutce compofant vn efpace des quantites que iay aflignées
Fegre  pourle cofte droit, & Je trauerfant, & pour lefegment
expliqué, du diametre NL,ou OP,fuinat lateneurdel’r1,dux2,&
du 13 theorefines du z<, liure d’Apollonius, on trouuera
tous les mefmes termes dont eft compof€ le quarré de
laligne C P,ou C L,qui eft appliquée par ordre a ce dia-

metre. Comme en cet exemple oftantI M, qui eft

:—:’% deNM, quieft ;;{1/ 00+ 4mp,iayIN, alaquel-

le aiouftant 1L, quieft :-x, 1ayNL ,quieft -2 X -

a4 om

2p-2
+Z ¥ %0+ 4 mp , & cecy eftant multipli¢ par

; V g0+ 4mp,quieft le coftédroit de lafigure, il vient

et 198’
wV o0-+4mp --:1;1/ 00-+4mp -+ f;a “+2mm
pourle reGtangle. duquelil faut ofter vn efpace qui foit
auquarrdde N L comme le coft¢droit eft an trauerfant.

an asom

& ce quarré de N L eft Zxx--—-—x

AR OOMTI AR

& am TN
-+ ez % Y —4mp = 2ppza Pz
Azomm
“ appax.
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An exception must be made when ox is equal to zero, in which case the

and the diameter is 27. From these data the

. 2a*m*
latus rectum is

pz*

curve can be determined in accordance with the third problem of the
first book of Apollonius."™

The demonstration; of the above statements are all very simple, for,
forming the product™ of the quantities given above as latus rectum,
diameter, and segment of the diameter NL or OP, by the methods of
Theorems 11, 12, and 13 of the first book of Apollonius, the result will
contain exactly the terms which express the square of the line CP or
CL, which is an ordinate of this diameter.

In this case take IM or X% from NM or from its equal

I’

2pz "'+4m[7

To the remainder IN add IL or%x, and we have

a  aom am
NL:Z ) +2pz 1’02+a;‘p
Multiplying this by
Z Nor+4mp,

the latus rectum of the curve, we get

x «lo*+4mp—— VorFamp+ 7 +2m'

for the rectangle, from which is to be subtracted a rectangle which is
to the square of NL as the latus rectum is to the diameter. The square
of NL is

a? s aom a’m W a’o’m" atm®  alom? I
— - —x m, + — — 557 N +4mp.

0% See note 113.
U= “Composant un espace.”
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Divide this by a?m and multiply the quotient by pz?, since these terms
express the ratio between the diameter and the latus rectum. The result is

?

Lx? _ox yx NExdmp 4 ?i’f _o Nt Amp 4 m?
m 2p 2 )

[
This quantity being subtracted from the rectangle previously obtained,
we get

CL =m“+ox_f’—’lx2.

It follows that CL is an ordinate of an ellipse or circle applied to NL,
the segment of the axis.

Suppose all the given quantities expressed numerically, as EA=3,

AG=35,AB=BR, BS=% BE, GB=BT, CD=%CR,CF=2CS,CH=

% CT, the angle ABR=60° ; and let CB.CF=CD.CH. All these quan-
ties must be known if the problem is to be entirely determined. Now

let AB=x, and CB=y. By the method given above we shall obtain

y2=2y—xy+5xr—2?;
1
y=1-5%+ 1+4x—%x’;

whence BK must be equal to 1, and KL must be equal to one-half KI;
and since the angle IKL. = angle ABR = 60° and angle KIL (which is
one-half angle KIB or one-half angle IKL) is 30°, the angle ILK is a

right angle. Since IK=AB=ux, KL=—;—x, IL =x\/ ‘%, and the quantity

represented by =z above is 1, we have a=\/% m=1,0=4, =%, whence

IM=\/13—6, NM =\/13—9; and since a?» (which is %) is equal to pz?, and
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AROM M — . o e
gV 00+ 4mp quil fant divilerparaam&
multiplier par p12,a caufe que cestermes expliquent la
proportion qui eft entre le cofté trauerfant & le droit, &
0 0m
i — 4 _
__%” v 00— 4m p- mm.cequil faut ofter da reCtangle
precedent, & on trouue mm-t-0x -- ,—i xx pour le quar-

il vicnt;';xx--ox—l- XV 00+ 4mp o

réde CL, qui par confequent eft vne ligne appliquee
par ordre dansvne Ellipfe,oudans vn cercle,au fegment
dudiametre N L.

Et fionvent expliquer toutes les quantites données
parnombres, en faifant parexemple EA 203, AG oy,
AB»BR,BS%3iBE,GB» BT,CDx» ;CR,CF
02CS, CH»;CT, & quelangle ABR foit de 6o
degrés; & enfin que le re¢tangle des deux CB, & CF,
{oit efgal au rectangle des deux autres C D 8 CH; caril
faut auoir toutes ces chofesaffin que la queftion foit en-
tierement determinée. &auec cela fappofant A B 2o x;
& CB 0y, ontrouue par la fagon cy deflus expliquée
yy ®2y--xy +5% ~xx&y 01 =354

Vi44x--3xx:fi BienqueB K doit eftre 1,& KL
doit eftre lamoiti¢de KI, & pourceque I'angle IKL
ou ABReftde sodegres, & KIL qui eft la moiti¢de
KIBoulKL, deso, 1 LKeftdroit. Et pourceque IK
ou A Beftnommex,KLeft 3x, & IL et x¢/'%,&la
quantité qui eftoit tantoft nommee 3 eft 1, celle qui
eftoit a eft #" 2, celle quieftoit meft 1, celle quieftoito
eft 4, & celle qui eftoit p eft },de fagon qu'on 2 ¥ *§
Tt 3 pour.
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fontles
lieux
plans, &
folides: &
la facon
de les
trouuer.

3% LA GEOMETRIE.

pourIM, & 7714 pour N M, & pourceque aam qui
eft efticy efgal 2 pz3 & quelangleIL C eft droit, on
trouue que la ligne courbe N C eft vn cercle. Et on
peut facilement examiner tousles autres cas en mefme
forte.

Aurefte acaufe que les equations, qui ne montent
que jufques au quarré, font toutes comprifes en ce que ie
viens d’expliquer ; non feulement le problefme des an-
ciensen 3 &4 lignes eft icy entierement acheu¢; mais
aufly tout ce qui appartient A ce qu'ils nommoient la
compofition des lieux folides ; & par confequent aufly a
celle deslicux plans, a caufe qu'ils font compris dans les
folides. Car ceslieux ne font autre chofe, finon quelors
qu’il eft queftion de trouuer quelque point auquel il

manque
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the angle ILC is a right angle, it follows that the curve NC is a circle.
A similar treatment of any of the other cases offers no difficulty.

Since all equations of degree not higher than the second are included
in the discussion just given, not only is the problem of the ancients
relating to three or four lines completely solved, but also the whole
problem of what they called the composition of solid loci, and conse-
quently that of plane loci, since they are included under solid loci."™
For the solution of any one of these problems of loci is nothing more

than the finding of a point for whose complete determination one con-

(134 Since plane loci are degencrate cases of solid loci. The case in which
neither #2 nor y2 but only xy occurs, and the case in which a constant term occurs,
are omitted by Descartes. The various kinds of solid loci represented by the equa-

?

. ” ! .
tion y=*m* —xr*— + \/t m? £ ox = 2x may be summarized as follows:

. n? .
(1) If all the terms of the right member are zero except e the equation repre-

sents an hyperbola referred to its asymptotes. (2) If %:—2 is not present, there are
several cases, as follows: (a) If the quantity under the radical sign is zero or a
perfect square, the equation represents a straight line; (b) If this quantity is not
a perfect square and if ﬁxﬁ =0, the equation represents a parabola; (c) If it is

b4

not a perfect square and if o 22 is negative, the equation represents a circle or an

ellipse; (d) If %xz is positive, the equation represents a hyperbola. Rabuel, p. 248.
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dition is wanting, the other conditions being such that (as in this exam-
ple) all the points of a single line will satisfy them. If the line is
straight or circular, it is said to be a plane locus; but if it is a parabola.
a hyperbola, or an ellipse, it is called a solid locus. In every such case
an equation can be obtained containing two unknown quantities and
entirely analogous to those found above. If the curve upon which the
required point lies is of higher degree than the conic sections, it may
"1 and so on for other
cases. If two conditions for the determination of the point are lacking,

be called in the same way a supersolid locus,

the locus of the point is a surface, which may be plane, spherical, or
more complex. The ancients attempted nothing beyond the composition
of solid loci, and it would appear that the sole aim of Apollonius in his
treatise on the conic sections was the solution of problems of solid loci.

I have shown, further, that what I have termed the first class of
curves contains no others besides the circle, the parabola, the hyperbola,
and the ellipse. This is what I undertook to prove.

B2} “Un lieu sursolide.”
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manquevne condition poureftre entierement determi-
né, ainfi qu'il arrine encete exemple,tous les poins d'vne
mefime ligne peuuent eftre pris pour celuy qui eft de-
mandé. Etficete ligneeft droite,ou circulaire , onla
nomme vn lieu plan. Mais i c’eft vne parabole, ouvne
hyperbole,ouvne cllipfe, onlanomme vn lieu folide. Et
toutefois & quantes que celaeft, on peut venira vne E-
quation qui contient deux quantités inconnués, & eft
pareillea quelqu’'vne de celles que e viens de refoudre.
Que filaligne qui determine ainfilé point cherché, eft
d'vndegréplus compofée que les fections coniques, on
la peut nommer, en mefme fagon , vnlieu furfolide, &
ainfides autres. Ets’il manquedeux conditions alade-
termination de ce point, le lteu ou il fe trouue eft vne fu-
petficie, laquelle peut eftre tout de mefme ou plate, ou
fpherique , ouplus compofce. Mais le plus haut but
qu'ayent eules anciens en cete matiere a efté de parue-
niralacompofition des lieux folides: Et il femble que
tout ce qu Apollonius a eferit des fections coniques n'a
eft¢qu’a defleinde lachercher. Quellect
De plus on voit icy que ceque iay pris pourle premier 12 Pg;:ie-
genredeslignes courbes,n’en peut comprendre aucunes ;’u; fim-

autres quele cercle, laparabole, 'hyperbole, & lellipfe. ft.’(lfuf:s s

qui eft tout ce quei‘anois entreprisde prouuer. lignes
ue fi veftiond i Z . :_courbes
Que fila queftion des anciens eft propofee en cinq li qui fer-

gnes, qui foient toutes paralleles ; ileft enident que le acntenla
point cherchéferatoufiours en vneligne droite . Maisfi 32:1::1"

clleeft propofee en cinq lignes, dont ily enait quatre ciens |
qui foient paralleles, & quela cinquiefine les couppe a b eft pro-

angles droits, & mefme que toutes les lignes tirées du P,ofécl_m
. cinqli-
pointgucs.
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point cherchéles rencontrent aufly a angles droits, &
enfln que le parallelepipede compofé de trois deslignes
ainfitirées fur trois de celles qui{ont paralleles,{oit efgal
au parallelepipede compof€ des deux lignes tirées I'vne
fur la quatriefme de celles qui font paralleles & l'autre
fur celle quiles couppe a angles droits, & d’vne troifief-
me ligne donnce. ce qui eft ce femble le plus fim-
ple cas qu'on puiffe imaginer aprés le precedent ; le
point cherché fera en la ligne courbe, quieft defcrite
parle mouuement d’'vne parabole en lafagon cy deffus
expliquee.

Soient
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If the problem of the ancients be proposed concerning five lines, all
parallel, the required point will evidently always lie on a straight line.
Suppose it be proposed concerning five lines with the following condi-
tions:

(1) Four of these lines parallel and the fifth perpendicular to each
of the others;

(2) The lines drawn from the required point to meet the given lines
at right angles;

(3) The parallelepiped"™ composed of the three lines drawn to meet
three of the parallel lines must be equal to that composed of three lines,
namely, the one drawn to meet the fourth parallel, the one drawn to
meet the perpendicular, and a certain given line.

This is, with the exception of the preceding one, the simplest pos-
sible case. The point required will lie on a curve generated by the
motion of a parabola in the following way:

0281 That is, the product of the numerical measures of these lines.
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Let the required lines be AB, IH, ED, GF, and GA, and
let it be required to find the point C, such that if CB, CF, CD, CH, and
CM be drawn perpendicular respectively to the-given lines, the paral-
lelepiped of the three lines CF, CD, and CH shall be equal to that of
the other two, CB and CM, and a third line AI. Let CB=y, CM—u,
Al or AE or GE=a; whence if C lies between AB and DE, we have
CF=2a—y, CD=a—1y, and CH=y-+}a. Multiplying these three to-
gether we get y*—2ay*—a*y+2a® equal to the product of the other
three, namely to axy.

I shall consider next the curve CEG, which I imagine to be described
by the intersection of the parabola CKN (which is made to move so
that its axis KL always lies along the straight line AB) with the ruler
GL (which rotates about the point G in such a way that it constantly
lies in the plane of the parabola and passes through the point L.). I
take KL equal to a and let the principal parameter, that is, the par-
ameter corresponding to the axis of the given parabola, be also equal to
a, and let GA—2a, CB or MA=y, CM or AB=z. Since the triangles
GMC and CBL are similar, GM (or 2a—y) is to MC (or #) as CB

xy
2a—y’

(or ») is to BL, which is therefore equal to Since KL is a, BK

xy 2a’—ay—xy .
a—y or Za—y Finally,
of the axis of the parabola, BK is to BC (its ordinate) as BC is to a
(the latus rectum), whence we get y*—2ay*—a*y-+2a*—axy, and there-
fore C is the required point.

since this same BK is a segment
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Soient par exemple leslignes cherchées AB,IH,ED,
GF, & GA. &quondemandele point C, enforte que
tirant CB, CF,C D, C H, & C M aangles droits fur les
données, le parallelepipededestrois CF, CD, & CH
foitefgal a celuy des 2 autres CB, & C M, & d'vne troi-
fiefme quifoit AT, IepofeCBxy. CM>x. Al ou
AE, ou GE a,defagon quele point C eftant entre les
lignesAB, &DE,iayCF222--y,C D>a--y &
CHy-+a & multipliant ces trois I'voe par l'autre,

1ay y;-.,_ ayy--aay -+ ia efgal au produit des trois
autres quiefta xy. Aprés celaic confidere laligne cour-
be CE G, quei‘imagine eftre defcrite par l'interfeGtion,
de la Parabole C K N, qu’on fait mouuoir en telle forte
que fon diametre KL eft toufiours fur la ligne droite
A B, &delareigle G L quitourne cependant autour du
point G en telle forte quelle paffe toufiours dans le plan
decete Paraboleparlepoint L. Etiefais KL 4, &le
cofte droit principal, c’eft adire celuy qui fe rapporte a
Jaiffieu de cete parabole, aufly efgala s, 8 GA 024, &
CBouMAy,& CMouA B> x. Duis a caufe des
trianglesfemblablesGM C & CBL,GM quieft24-y,
eftaMC quieft x, comme CBquiefty,eftaBL quieft

par confequent ; = -+ Etpourceque LKefts, BKeft o

~xy 4. 1884y 3y
Ta.5»0ubien ———=—". Etenfin pourceque ce mef-

me B K eftant vo fegment du diametre de la Parabole,

efta BC quiluy eft appliquée par ordre, comme cel-
fecyeft au cofté droit qui eft 4, le calcul monftre que

y --2ayy--aay 4 24, eft efgal 2 axy. &par confe:
v quent
8
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quent que le point C eft celuy quieftoitdemandé. Etil
peut eftre pris en tel endroir de la ligne CEG qu’on ve-
uille choifir, ou aufly en fon adiointe ¢ E G ¢ quife de-
fcri t en mefime fagon,excepté quele fommet ds laPara-
bole eft tournevers l'autre cofté , ou enfin enleurs con-
trepofces N 1o, 1 O,qui font defcrites par l'interfe¢tion
que fait la ligne G L en l'autre cofté de la Parabole
KN.
Or encore que les paralleles données A B, 1H, ED,
& G F ne fuflent point efgalement distantes, & que G A
ne les couppaft pointaangles droits, ny anfly les lignes
tirées
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The point C can be taken on any part of the curve CEG or of its
adjunct cEGe, which is described in the same' way as the former, except
that the vertex of the parabola is turned in the opposite direction; or
it may lie on their counterparts"™ NIo and #IO, which are generated
by the intersection of the line GL with the other branch of the para-
bola KN.

Again, suppose that the given parallel lines AB, IH, ED, and GF are
not equally distant from one another and are not perpendicular to GA,
and that the lines through C are oblique to the given lines. In this case
the point C will not always lie on a curve of just the same nature, This
may even occur when no two of the given lines are parallel.

U271 “En leurs contreposées.”
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Next, suppose that we have four parallel lines, and a fifth line cutting
them, such that the paratlelepiped of three lines drawn through the
point C (one to the cutting line and two to two of the parallel lines)
is equal to the parallelepiped of two lines drawn through C to meet the
other two parallels respectively and another given line. In this case
the required point lies on a curve of different nature,"™ namely, a
curve such that, all the ordinates to its axis being equal to the ordinates
of a conic section, the segments of the axis between the vertex and
the ordinates”’ bear the same ratio to a certain given line that this
line bears to the segments of the axis of the conic section having equal
ordinates."™

I cannot say that this curve is less simple than the preceding ; indeed,
I have always thought the former should be considered first, since its
description and the determination of its equation are somewhat easier.

I shall not stop to consider in detail the curves corresponding to the
other cases, for I have not undertaken to give a complete discussion of
the subject ; and having explained the method of determining an infinite
number of points lying on any curve, I think I have furnished a way
to describe them.

It is worthy of note that there is a great difference between this
method™ in which the curve is traced by finding several points upon

028 The general equation of this curve is axy — xy2+2a%x = a?y —ay?.
Rabuel, p. 270.

(2] That is, the abscissas of points on the curve.

139 The thought, expressed in modern phraseology, is as follows: The curve is
of such nature that the abscissa of any point on it is a third proportional to the
abscissa of a point on a conic section whose ordinate is the same as that of the
given point, and a given line. Cf. Rabuel, pp. 270, et seq.

(31 That is, the method of analytic geometry.
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tirdes du point C verselles, ce point C ne laifferoit pas
de fe trouuer toufiours en vne ligne courbe, qui feroit
de cete mefme nature. Etil s'y peut aufly trouner quel-

uefois, encore qu'aucune des lignes données ne foient
paralleles. Mais fi lorfqu'i'y ena 4 ainfi paralleles,& voe
cinquiefme qui les trauerfe: & que le parallelepipede de
troisdes lignes tirdes du point cherché, I'vne fur cete
cinquicfme, & lés 2 autres fur 2 de celles qui font paral-
leles; foit efgalaceluy, des deux tirees fur les deux au-
tres paralleles , & d’vne autre ligne donnée. Ce point
cherch¢eft en vne ligne courbe d’vne autre nature, a
{gauoiren vne qui eft telle, que toutesles lignes droates
appliquées par ordre a fon diametre eftant efgales a cel-
les d'vne feGion conique, les fegmens de ce diametre,
qui font entre le fommet & ces lignes , ont mefme pro-
portion a vne certaine ligne donnée, que cete ligne don-
née a aux fegmens du diametre de la feGtion conique,
aufquels les pareilles lignes font appliquees par ordre. Et
ie ne fgaurois veritablement dire que cete ligne foit
moinsfimple quela precedente, laquelle iay creu toute-
fois deuoir prendre pour la premiere , a caufe que la de-
feription, & le calcul en font en quelque fagon plus
faciles.

Pour les lignes qui feruent aux autres cas, ie nc m’are-
fteray point ales diftinguer par efpeces. car ie n'ay pas
entreprisdedire tout ; & ayant expliqué la fagonde
trouuer voe infinite de poins par ou elles paffent,ic penfe
auoir affés donné le moyen de les defcrire.

Mefme ileft a propos de remarquer, qu'il ya grande
difference entre cete fagon de trouuer pluficurs poins

Vv 2 pour
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fontles  pourtracer vne ligne courbe, & celle dont on fe fert pour
‘:ggfgcs lalpirale, & fes femblables. carpar cete derniereonne
won de- trouue pasindifferément tous les poins dela ligne qu'orr
woum + cherche, maisfenlement ceux qui penuent eftre deter-
%lcu{iceuurs minés par quelque mefure ptus fimple, que celle quieft
Poim,f;ui requife pour la compofer, & ainfi a proprement parler
peuet  ONl E LFOUtE pas v de fes poins. Cleft a dire pas va de
ceuesen  CEUX quiluy font tellement propres, qu'ils ne puiffent
Geome- - eftre trouucs que par elle: Aulieuquilny a aucun point
dansleslignes quiferuent a la queftion propofée, quine

fe puiffe rencontrer entre ceux qui{fe determinent par la
fagontantoft expliqueé. Et pourceque cete fagon de

tracer une ligne courbe, en trouvant indifferément plu-
fieursde fes poins , ne s'eftend qu'a celles qui peunent

aufly eftre defcrites par vo mouunement regulier & con-

tinu, on ne ladoit pas enticrement reietter delaGeo-

metrie. :
.Qgelles.

fopcauy  Etonn'en doit pas reietter non plus, celleononfe
célles  fertd'vnfil, oud'vne chorde repliée, pour determiner
won de yegalitd on la difference de deux ou plufieurs lignes
; . . .
v :l*::r droites quirpeuuent eftretirdes de chafque point de la
Pc{mm courbe qu'on cherche, a certains autres poins ., ou fur
i:c‘::is certaines autres lignes a certains angles. ainfi que nous
auons fait en la Dioptrique pour expliquer 'Ellipfe &
I'Hyperbole. car encorequ’on n'y puiffe regeuoir au-
cunes lignes qui femblenta des chordes , c’eft a dire quj
deuienent tantoft dreites & tantoft courbes, acaufe que
laproportion, qui eft entre les droites & les courbes,
n’eftant pas connu€, & mefme ie croy ne le pounant eftre
pat les hommes, onnepourroitrien conclure de laqui

foft

90



SECOND BOOK

it, and that used for the spiral and similar curves.™ In the latter not
any point of the required curve may be found at pleasure, but only such
points as can be determined by a process simpler than that required for
the composition of the curve. Therefore, strictly speaking, we do not
find any one of its points, that is, not any one of those which are so
peculiarly points of this curve that they cannot be found except by
means of it. On the other hand, there is no point on these curves which
supplies a solution for the proposed problem that cannot be determined
by the method I have given.

But the fact that this method of tracing a curve by determining a
number of its points taken at random applies only to curves that can
be generated by a regular and continuous motion does not justify its
exclusion from geometry. Nor should we reject the method™ in which
a string or loop of thread is used to determine the equality or difference
of two or more straight lines drawn from each point of the required
curve to certain other points,™"
other lines. We have used this method in “La Dioptrique” ™ in the
discussion of the ellipse and the hyperbola.

On the other hand, geometry should not include lines that are like

or making fixed angles with certain

strings, in that they are sometimes straight and sometimes curved, since

the ratios between straight and curved lines are not known, and I

believe cannot be discovered by human minds,”™ and therefore no con-

clusion based upon such ratios can be accepted as rigorous and exact.

323 That is, transcendental curves, called by Descartes “mechanical” curves.

131 Cf, the familiar “mechanical descriptions” of the conic sections.

' As for example, the foci, in the description of the ellipse.

U3 This work was published at Leyden in 1637, together with Descartes’s
Discours de la Methode.

U8 This is of course concerned with the problem of the rectification of
curves. See Cantor, Vol. II (1), pp. 794 and 807, and especially p. 778. This
statement, “ne pouvant étre par les hommes” is a very noteworthy one, coming as
it does from a philosopher like Descartes. On the philosophical question involved,
consult such writers as Bertrand Russell.
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Nevertheless, since strings can be used in these constructions only to
determine lines whose lengths are known, they need not be wholly
excluded.

When the relation between all points of a curve and all points of a
straight line is known,"" in the way I have already explained, it is easy
to find the relation between the points of the curve and all other given
points and lines; and from these relations to find its diameters, axes,
center and other lines™ or points which have especial significance for
this curve, and thence to conceive various ways of describing the curve,
and to choose the easiest.

By this method alone it is then possible to find out all that can be
determined about the magnitude of their areas,”™ and there is no need

for further explanation from me.

57 Expressed by means of the equation of the curve.

138 Eor example, the equations of tangents, normals, etc.

%1 For the history of the quadrature of curves, consult Cantor, Vol. II (1),
pp. 758, et seq., Smith, History, Vol. II, p. 302.
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fuft exa& &affuré. Toutefoisa caufe qu'om ne fe fert
de chordes en ces conftructions , que pour determiner
deslignes droites, dont on connoift parfaitement la lon-
geur, celane doit point faire qu’on les reiette.

Ordecelafesl qu'on fgait le rapport,, qu'ont tousles Que pour
poins d’vne ligne courbe a tous ceux d’vne ligne droite, mouue
en lafagon queiay expliquée; il eft ayf€ de trouuer aufly proprie-
le rapport qu’ils ont a tous les autres poins, & lignes don- g’:i“ -
nees: & enfuite de connoiftreles diametres, les aiflieux, cousbes.
les centres, & autres lignes , ou poins , a qui chafque li- e
gne courbe aura quelque rapport plus particalier , ou lerappore
plus fimple, qu'aux autres: & ainfi d'imaginer diuers uslears
moyens pour lesdefcrire, & d’en choifirles plus faeiles, poins 2
Et mefme on peut aufly par cela feul tronuer quafi tout fifg';x:es
cequi peut eftre determing touchant la grandeurde Pe- d‘°‘;“'
fpace quelles comprenent, fans qu'il foit befoin que i'en j(clfi:a:ion
donne plus d'ouuerture. Etenfinpour cequieft de tourf."‘:““
tesles autres proprietes qu'on peut attribuer aux lignes 4§1 Tos
courbes, elles ne dependent que de la grandeur desan- ¢ b0:™
gles qu’elles font auec quelques autres lignes. Maislorf: ces poins
qu’on peuttirer deslignes droites quiles couppent a an- Z,f,?gcilfF
gles droits, aux poins ou elles {font rencontrées par cel-

lésauec qui elles font les angles qu’on veur mefurer, ou,
ceque ie prensicy pour le mefme, qui couppent leurs
contingentes; la grandeur de cesangles n'eft pas plus
malayféea trouver, quessils eftoient compris entre deux
lignes droites. C'eftpourquoy ie croyray auoir mis isy
tout ce quieft requispour les elemens des lignes cour-
bes, lorfque i'auray generalement donné Ia fagon de ti-
rerdes lignes droites, qui tombent a angles droits for

Vv.3 tels
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tels deleurs poins qu'on voudra choifir. Et i'ofe dire
quec'eft cecy le probléfime Je plus vtile, & le plus gene-
ralnonfeulement queicfgache, mais melme que raye

Facon 1AmIS defird de fauoir en Geometrie.
a

generale Soit C E
o e laligne courbe,
deslignes AN & qu'il faille ti-
:;‘i’ic‘;fl} . e/ N/ ' rer voe ligne
pentles F A M P G droite par le
g point C, quifa-

ouleurs Ceauecelle desanglesdroits. Iefuppofe lachofe defia
;:ﬁ::,a faite, 8 que lalignecherchéeeft C P, laquelle ie pro-
angles longeiufques au point P, ou elle rencontre la ligne droi-
diaits. e G A, queie fuppofe eftre celle aux poins de laquelle
on rapporte tous ceuxdelaligne C E : en forte que fai-
fantM A ouC B 0y, & C M, ou BA 0 x, iay quelque
equation, qui explique le rapport, qui eft entre x & y.
PuisiefaisPC20s, &PAvy,o0uPM Vv -y, &2
caufe du triangle re€tangle P M C iay ss, quieft Iz quar-
ré de la baze efgal 2 ¥ =+~vv--2vy-+yy, quifont
les quarrés des deux coftés. ceft a dire jay x 2
V 4500+ 20y--yy, oubien y v+ ¥ ss--55,&
parlenoyende cete equation, i'ofte de I'autre equa.
tion qui m'explique le rapport qu'ont tous les poins dela
courbe C Eaceuxdeladroite G A,I'vne des deux quan-
tités indeterminées x ou y. ce qui eft ayf¢ a faire en
mettant partout 7/ ss--vv—+2vy-- yy au lieu d'», &
le quarré de cete fomme au lieu d'x &, & fonr cube aulieu

» ; . . .
d'», &ainfidesautres,ficeft ¥ queie veuilleofter; ou-
bien
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Finally, all other properties of curves depend only on the angles
which these curves make with other lines. But the angle formed by
two intersecting curves can be as easily measured as the angle between
two straight lines, provided that a straight line can be drawn making
right angles with one of these curves at its point of intersection with
the other."™” This is my reason for believing that I shall have given
here a sufficient introduction to the study of curves when I have given
a general method of drawing a straight line making right angles with
a curve at an arbitrarily chosen point upon it. And I dare say that
this is not only the most useful and most general problem in geometry
that I know, but even that I have ever desired to know.

Let CE be the given curve, and let it be required to draw
through C a straight line making right angles with CE. Suppose the
problem solved, and let the required line be CP. Produce CP to meet
the straight line GA, to whose points the points of CE are to be
related."™ Then, let MA=CB=y; and CM=BA=ux. An equation
must be found expressing the relation between & and y.™? I let PC=s,
PA=v, whence PM=v—y. Since PMC is a right triangle, we see that
s?, the square of the hypotenuse, is equal to x#2++2*—2vy-+4?, the sum

of the squares of the two sides. That is to say, x= Vs*—2%+ 22y —3?

or y=v+ Vs*—x’. By means of these last two equations, I can elimi-
nate one of the two quantities » and y from the equation expressing
the relation between the points of the curve CE and those of the straight
line GA. If x is to be eliminated, this may easily be done by replacing

x wherever it occurs by Vs —2*+42vy—3?, 2 by the square of this ex-
pression, #° by its cube, etc., while if y is to be eliminated, y must be
replaced by v+ Vs —x%, and 37, %, . . . by the square of this expres-

49 That is, the angle between two curves is defined as the angle Letween the
normals to the curve at the point of intersection.

41 That is, the line GA is taken as one of the codrdinate axes.
431 This will be the equation of the curve. See also the figure on page 97.
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sion, its cube, and so on. The result will be an equation in only one
unknown quantity, x or y.

.For example, if CE is an ellipse, MA the segment of its
axis of which CM is an ordinate, 7 its latus rectum, and q its trans-
verse axis," then by Theorem 13, Book I, of Apollonius," we have

r e . ..
x2=ry—;y2. Eliminating x? the resulting equation is

— 2_ 2
s2_,v2+2,yy_y2=ry_§y2’ or 4P —gs

qg—r

In this case it is better to consider the whole as constituting a single
expression than as consisting of two equal parts."?

If CE be the curve generated by the motion of a parabola (see pages
47, et seq.) already discussed, and if we represent GA by b, KL by ¢,
and the parameter of the axis KL of the parabola by d, the equation

48 4T e traversant.”

141 Apollonius, p. 49: “Si conus per axem plano secatur autem alio quoque
plano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi
coni parallelum ducitur neque e contrario et si planum, in quo est basis coni,
planumque secans concurrunt in recta perpendiculari aut ad basim trianguli per
axem positi aut ad eam productam qualibet recta, que a sectione coni communi
sectioni planorum parallela ducitur ad diametrum sectiones sumpta quadrata squalis
erit spatio adplicato rectz cuidam, ad quam diametrus sectionis rationem habet,
quam habet quadratum rectz a vertice coni diametro sectionis parallelz ducte usque
ad basim trianguli ad rectangulum comprehensum rectis ab ea ad latera trianguli
abscissis, latitudinem rectam ab ea e diametro ad verticem sectionis abscissam et
figura deficiens simili similiterque posita rectangulo a diametro parametroque com-
prehenso; vocetur autem talis sectio ellipsis.” Cf. Apollonius of Perga, edited by
Sir T. L. Heath, Cambridge, 1896, p. 11.

0481 That is, to transpose all the terms to the left member.
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bienfic'efty, en mettantenfonlieu s - 7/, s5--20, &
le quarré, ou le cube, &c. de cete fomme, aulicud’y y,0u

y ‘&c. De fagon qu'il refte toufiours aprés cela vne equa-
tion, enlaquelle il ny aplus qu'vne feule quantite inde-
minée, x,0u y.

terCommo;: fi CyE eft voe Ellipfe , &cque M A foit le
fegment de fon diametre, auquel CM foit appliquée par
ordre, & qui ait r pour fon cofté droit , & 4 pour le tra-

uerfant,on2 parle 13 th.

¢ 3 durliu, d’Apollonins.

r b}
%x0ry--2yy, don
oftant xx, il refte ss--

- vv—l—zz{y-yy 0 73'-3; Yy
oubien,

vy gy z;?'vx‘ qw-'q"efgafa rien. catil et mienxen

cetendroit de confiderer ainfi enfemble toute la fom-
me, que d’en faire vne partic efgale al’autre.

x  Youtde mefme fi C
Eeftla ligne courbe

L defcrite par le mou-
uement d'vne Parabole

en la fagon cy deffus
~B expliquee, & qu’onaijt
pofé bpour G A, ¢ponr
KL, & d pour le cofte
droit dut diametre KL
A enlaparabole:I'equatis
qui explique le rapport
qui
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qui eﬁqatrcx&y,cﬁj’--by.y.- cdy+bed--dxyo.

d'od oftant x , on a y - byy--cdy 4 bed+ dy
V ss--vv-f-2vy--yy. & remetrant en ordre ces
termes par le moyen de lamultiplication, il vient
2cd N :e2bbed
bs "36}’ ‘;‘;:}y"_’!‘:f;:}y ’f‘d‘fi‘?}y)’ --2bccddykbbccddoo.
Ydidv
Etainfidesautres.

Mefmeencore queles poins de la ligne courbe ne fe
rapportaﬂ'entpas enla fagon queiay ditte a ceux d’'vne
ligne droite, maisentouteautre qu'on fgauroit i imagi-
ner, on ne laiffe pas de pouuoir toufiours auoir vne telle
equation. Comme fi G E eftvneligne, qui ait tel rap-
port aux trois poins F, G, & A, queleslignes droites ti-
réesde chafcun de fespoinscomme C iufques au point
¥, furpaflent laligne F A d'vne quauuté, qui ait certaine
proportxo don-
ncéeavne autre
quantit¢ dont
Y GA furpafleles
F A M P G lignes tirées

des mefmes
poinsivfques 2 G. Faifons G Ax b,AF 0, & prenant
adifcretionle point C dans lacourbe, que la quantité
dont CF furpaffe F A, foit 2 celle dont G A furpafle
G C, commedae, en forte que fi cete quantite qui eft

indererminde fe nomme 3, FC eft ¢+ 3,&GCeft b -- ;3.

PuispofantM A0y,G Mefth--y, & FM eft c+y, &
a caufe du triangle re(tangle CM G, oftant le quarré
de
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expressing the relation between # and y is y*—by*—cdy-+bed+dxy=0.
Eliminating #, we have

93— by —cdy + bed+ dy Ns2—v2-2uy —y2=—0.

Arranging the terms according to the powers of y by squaring,™” this
becomes

0 —2byo - (b*—2cd—+d?) y*+ (4bed—2d°v) y?
+ (c2d?—d?s*+d?0? —2b%cd) y2—2bc?d*y+b2c2d* =0,

and so for the other cases. If the points of the curve are not related
to those of a straight line in the way explained, but are related in some
other way,™" such an equation can always be found.

Let CE be a curve which is so related to the points F, G, and A,
that a straight line drawn from any point on it, as C, to F exceeds
the line FA by a quantity which bears a given ratio to the excess of GA
over the line drawn from the point C to G."' Let GA=b, AF=c¢, and
taking an arbitrary point C on the curve let the quantity by which CF
exceeds FA be to the quantity by which GA exceeds GC as d is to e.
Then if we let z represent the undetermined quantity, FC=c+2 and

GC=b—§z. Let MA=y, GM=4—y, and FM=c+y. Since CMG is a
right triangle, taking the square of GM from the square of GC we have
4 “En remettant en ordre ces termes par moyen de la multiplication.”

4] “Mais en toute autre qu’on saurait imaginer.”
U4 That is the ratio of CF — FA to GA — CG is a constant.
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left the square of CM, or% 2—%’z+2by—y’. Again, taking the

square of FM from the square of FC we have the square of CM
expressed in another way, namely : 2242¢cz—2cy— 1y These two expres-
sions being equal they will yield the value of y or MA, which is

d?z°4-2cd?z—e?z*4-2bdez
2bd?+4-2cd? :

Substituting this value for y in the expression for the square of CM,

we have
: bd*z*tce’z4-2bcd’z—2bcdez
M = bd*fcd® -

If now we suppose the line PC to meet the curve at right angles at C,
and let PC—s and PA—v as before, PM is equal to z—y; and since
PCM is a right triangle, we have s2—v242vy—y? for the square of
CM. Substituting for y its value, and equating the values of the square
of CM, we have
2 +26aizz— 2bcdez — 2cdvz — th‘z'evz—bd’s2 +6d%0" —cd’s? +cd*V? _
bd 4 cét +fv—dro

for the required equation.

0

Such an equation having been found"*” it is to be used, not to deter-
mine x, y, or 2z, which are known, since the point C is given, but to
find v or s, which determine the required point P. With this in view,
observe that if the point P fulfills the required conditions, the circle
about P as center and passing through the point C will touch but not
cut the curve CE; but if this point P be ever so little nearer to or far-
ther from A than it should be, this circle must cut the curve not only

9] Three such equations have been found by Descartes, namely those for the
ellipse, the parabolic conchoid, and the curve just described.
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de GM du quarréde G C,onale quarrdde CM, qui eft

b
Z{{ --3;;{ ~+2by--yy. puis oftant le quarré de F M
du quarréde F C,ona encorele quarréde C M end’au-
tres termes, afgauoir gz 4-2¢3--2¢y--yy, & cester-

mes eftant efgaux aux precedens, ilsfont connoiftre y,

. ddzz o 2 cddz -- ezt o 2 bdeg, .
ouM A, quieft T o - & fubftituant ce-

te fomme au lieu d’y dans le quarréde C M, on.trouue
qu’il s’exprime en ces termes.

bddzz v ceezz vk 2 beddz -« 2 bedex
bdd v cdd =17

Puis fuppofant que la ligne droite P C rencontre Ia
courbe aangles droits au point C, & faifant PC s, &
P A v comme deuant, PMeftv--y ; & a caufe du
triangle re¢tangle PC M,on2 ss-- vv +- 2 vy -- y y pour
le quarré de C M, ouderechefayant au lieud’y fubftitué
la fomme quiluy eftefgale, il vicnt

e 2 beddz --2 bedez -- 2. cddvz - 2 bdevx - bddss & bddvv -~
XA bdd cee  eev--ddv
-- cddss & cddve. 30 o pour Pequation que nous cherchions.

Oraprés qu'on a trouué vnetelle cquation , aulicu
des’enferuir pour connoiftre les quantites x,0uy, ou g,
quifont defia données, puifquele point C eft donné, on
ladoit employeratrouverv, ou s, qui determinent le
point P, quieft demand¢. Eraceteffect il faut confide-
rer,que fice point P eft telqu’on le defire, le cercle dont
il ferale centre, & qui paffera par le point C, y touchera
laligne courbe C E, fans lacoupper: mais que fi ce point
P, eft tant foit peu plus proche, ou plus efloign¢ du point.

Xx A,quil
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A, qu'ilne doit, ce cercle couppera la courbe , non feu-
lement av point C, mais aufly neceflairement en quel-
que autre. Puisil faut aufly confiderer, que lorfque ce
cercle couppe laligne courbe C E, I'equation par laquel-
le on cherche la quantitéx,ouy, ou quelque autre fem-
blable, en fuppofant P A & P C eftre connués, contient
neceflairement deux racines, qui font inefgales. Car par
exemple fi ce cercle couppe la conrbe aux poins C & E,
ayant tir¢ E Q parallele a CM, les noms des quantités
indeterminées x & y, conuiendront aufly bien aux lignes
EQ, &QA,quaCM, & MA; puis PE eft efgale a
P C,acaufe ducercle, fi bien que cherchant les lignes
EQ & QA,parPE &
P A qu’on fuppofe com-
me donnees , on aura la
mefme equation, que fi
on cherchoit C M &
M A par PC,PA. d'ou
i i il fuit euidemmment,que la
FM QA valeurd'w, ou d’y, oude
telle autre quantité qu'on aura fuppofee , fera doubleen
ceteequation, c’eft adirequ’il y aura deux racinesinef-
galesentreelles; & dont I'vne fera CM, l'autre EQ,, fi
c'eft xqu'on cherche; oubienl'vne fera M A, & l'autre
QA ficefty. &ainfi des autres. 1l eft vray que fi le
point Ene fe trovue pas du mefme cofté de la courbe
quele point C; il o'y auraque I'vne de ces deux racines
qui foit vraye, & autre fera renuerfee, ou moindre que
rien: mais plus ces deux poins, C, & E, font prochesl'vn
de l'autre, moinsil ya de differenceentre ces deux raci-

nes;
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at C but also in another point. Now if this circle cuts CE, the equation
involving x# and y as unknown quantities (supposing PA and PC
known) must have two unequal roots. Suppose, for example, that
the circle cuts the curve in the points C and E. Draw EQ paral-
lel to CM. Then x and y may be used to represent EQ and QA respec-
tively in just the same way as they were used to represent CM
and MA; since PE is equal to PC (being radii of the same circle),
if we seek EQ and QA (supposing PE and PA given) we shall get the
same equation that we should obtain by seeking CM and MA (suppos-
ing PC and PA given). It follows that the value of #, or v, or any
other such quantity, will be two-fold in this equation, that is, the equa-
tion will have two unequal roots. If the value of # be required, one of
these roots will be CM and the other EQ; while if y be required, one
root will be MA and the other QA. It is true that if E is not on the
same side of the curve as C, only one of these will be a true root, the
other being drawn in the opposite direction, or less than nothing.™” The
nearer together the points C and E are taken however, the less differ-

i1l “Ft 1'autre sera renversée ou moindre que rien.”
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ence there is between the roots ; and when the points coincide, the roots
are exactly equal, that is to say, the circle through C will touch the
curve CE at the point C without cutting it.

Furthermore, it is to be observed that when an equation has two
equal roots, its left-hand member must be similar in form to the expres-
sion  obtained by multiplying by itself the difference between the
unknown quantity and a known quantity equal to it;*" and then, if the
resulting expression is not of as high a degree as the original equation,
multiplying it by another expression which will make it of the same
degree. This last step makes the two expressions correspond term by
term.

For example, I say that the first equation found in the present dis-
cussion,™™ namely

' o W'J'—ququ_-l;qv’—qs?’

must be of the same form as the expression obtained by making e=y
and multiplying y—e by itself, that is, as y>*—2ey-}¢2 We may then
compare the two expressions term by term, thus: Since the first term,

. . —2 .
42, is the same in each, the second term,"™ M, of the first is

equal to —2ey, the second term of the second; whence, solving for v,
1 .
or PA, we have v=¢— §e+§ 7; or, since we have assumed ¢ equal to y,

v=y-—§y+% 7. In the same way, we can find s from the third term,

51 That is, the left-hand member will be the square of the binomial #—a
when » =a.

1521 See page 96. The original has “first equation,” not “first member of the
equation.”

3] That is, the second term in y.
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nes; & enfin elles font entierement cfgales, s'ils font tous
denxioins en vn; C’eft adirefile cercle,qui paffe par G
y touchela courbe C E fansla coupper.

Deplusil faut confiderer, que lorfqu’ily a deux raci-
nes efgales en vne equation, elle a neceflairement la
mefme forme,que fi on multiplie par foy mefme la guan-
tite qu'on y fuppofe eftre inconnué moins la quantité
connue qui luy eft efgale, & qu'aprds cela fi cete derniere
fomme n’apas tant de dimenfions que la precedente,
onla multiplie par vne autre fomme qui en ait autant
qu'il loy en manque; affin qu'il puiffe y auoir feparement
equationentre chafcundes termesdel'vne, & chafcun
destermes de l'autre,

Comme par exemple ie dis que la premiere equation

trouuce cy deflus, afgauoir

Py z.;j{ 21727" doitauoir la mefine forme que
celle qui fe produift enfaifant e efgalay, & multipliant
y=-epar foy mefme,d’ouil vient yy--2ey -+ ee,en forte
quon peut comparer {eparement chafcun de leurs ter-
mes, & dire que puifque le premier quiefty yeft toutle
mefime énl'voe quenlautre, le fecond qui eft enl'vne
qr,rq__-:_ziig, eft efgal aufecdd delautre quieft -- 2 ¢y ,d'oit

cherchant la quantit€ v quieft la ligne P A, on 2

r 1 [
c..B vXe-yetiroubié
| a caufe que nous auons
P\ fuppof€ cefgalay ,ona

r
v0y -3 y4-zr. Et
Xx a ainfi
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ainfi on pourroit trouuer s par le troifiefme terme
quv--4s5,

ee 20— —— mais pourceque la quantite’ v determine
affés le point P,qui eft le feul que nous cherchions,onn’a
pas befoin de paffer outre.

Tout de mefmela feconde equation trouuée cy def-
fus, afgauoir,

-2 cAN ‘ -~2bbed
Yy 6"," by ,::g}y’:*‘:’j;: b ;f‘ ;;,d{;}yy ~2bceddy ¥ bbecdd.
Fddv
doit auoir mefme forme, quela fomme quife produift
lotfqu'on multiplie §y--2 ey eepar
P 5 s
y +fr+ggrr+hy+k, quiet
X by
’r,{‘{'e y”_ijfff y‘-i;:;g v _’?f.e by }7}' - '1’4}‘). goro kb
- Fee, Foeef Heegg deeehs
defagon quede ces deux equationsi‘entire fix autres,
qui feruent a connoiftre les fix quantites £ g, b, §,v,& s:
Deotiileft fortayf¢ a entendre, que de quelque genre,
que puiffe eftrela ligne courbe propofée, il vient tou-
fiours par cete fagon de proceder autant d’equations,
qu'oneft obligé de fuppofer de quantités , qui font in=
connués. Mais pour demefler par ordre ces equations,
& trouucrenfinla quantitév, quieftla feule dontona
befoin,& a 'occafion de laquelle on cherche les autres:
1l faut premierement parlefecond terme chercher £ la

premiere des, quantites inconnués de la derniere fom-
me, & on trouue f 0 2 6-- 2.

Puis par le dernier il faut chercher £ la derniere des

quangi:ciinconntlés dela mefme fomme, & on trouue
ccdd.
k‘l- 20—

ee

Puis
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s qU*—qs® . 1 . L .
¢ = —q—r ; but since v completely determines P, which is all that is
required, it is not necessary to go further."

[156]

In the same way, the second equation found above,"™ namely,

=260+ (8* —2cd+d?) y' + (4bcd — 2d%v) 3°
+ (A —28%cd+d* — d%?) y? — 2632 d %y + B3 d?,

must have the same form as the expression obtained by multiplying
y:—2ey+e* by y*+fy*+g°y*+hly+E,
that is, as

¥+ (f—2e)y°+(g*—2ef+e*) ¥+ (h*—2eg*+e°f) y*
+ (k*—2eh*+-¢2g*) y*+ (e*h*—2ek*) y+-e2k*.

From these two equations, six others may be obtained, which serve to
determine the six quantities f, g, h, k, v, and s. It is easily seen that
to whatever class the given curve may belong, this method will always
furnish just as many equations as we necessarily have unknown quan-
tities. In order to solve these equations, and ultimately to find @, which
is the only value really wanted (the others being used only as means
of finding v), we first determine f, the first unknown in the above
expression, from the second term. Thus, f=2¢—2b. Then in the last
terms we can find k, the last unknown in the same expression, from

U That is, to construct PC we may lay of AP =7 and join P and C. If
instead we use the value of e, taking C as center and a radius CP = ¢, we con-
struct an arc cutting AG in P, and join P and C. Rabuel, p. 309. To apply

Descartes’s method to the circle, for example, it is only necessary to observe that
all parameters and diameters are equal, that is, ¢ = r; and therefore the equation
1

N 92% diameter. That is, the normal passes

through the center and is a radius of the circle. Rabuel, p. 313.
151 See page 99. As before, Descartes uses “second equation” for “first mem-
ber of the second equation.”

v =y—§y+%r becomes v =
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2,202 )
which k‘=b ;,d . From the third term we get the second quantity

g*—3e*—4be—2cd b2 1-de.

From the next to the last term we get A, the next to the last quantity,
which is™

p 2L 2604

== Z

In the same way we should proceed in this order, until the last quantity
is found.
Then from the corresponding term (here the fourth) we may find
v, and we have
268 36 be  2ce 20c b B,

v=—5

F-ata gttt gt
or putting y for its equal ¢, we get
298 38 By 2y 2bc b B

b
v_‘;?__ d‘) +?_7+y+d+y2_y3r

for the length of AP.

% Found from.
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Puis par le troifiefme terme il faut chercher glafeconde
quantité, &onagg 0 3 ee--4 be--2 cd -~ bb—+dd.

Puis par le penultiefme il faut chercher 4 la penultiefme

2bbecdd 2 becdd . .
N , B . .
quantité, quiefth’0—; —— Etainfi il fau-

droit continuer fuiuant ce mefme ordreinfquesa lader-
niere, s'ily en auoit d’auantage en cete fomme ; carcC’eft
chofe qu'on peut toufiours faire en mefme fagon.

Puis par le terme qui {uit en ce mefme ordre, quieft
icy le quatriefme, il faut chercherla quantite v, &on a

P
re’ 3bee  bbe a2ce 1be  bec bheo
vwdd-’ dd +ﬁ--—d +et A -+ ee T 63
oumettanty au liend’e quiloy eft efgalon a
oy, sbyy | bby ey 2b¢ 1_7_15_ bbee,
v dd~" dd +dd-- d +7+ d +)‘]" 3
pourlaligne A P,
Etainfilatreifiefme equation, qui eft
Xx 3 3%
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2beddz-- 2bedex--2cddvz—~2bdeve - bddss 2 bddvv-
bdd Hceeeen-

--cddsspcddvv,
--ddv
2%--2f%+ff, en fuppofant fefgal a g, fi bienque il

y a derechef equation entre--2f, ou--2%, &

Wrbcdd--2bcde -2 cddv--2bdev. N .
bdd g ceekeev—-ddv d’'ou ou connoift que

bedd--bedet bddz i coex
cddri‘bdc.-eez-indd(

ala mefme forme que

la quantite v eft

C’eft pourquoy
compofant la
ligne AP, de
Y cete fommeef-
F A M P G gale 2 v dont
touteslesquan.
tités font connugés, & tirant du point Painfi trouué, vne
ligne droite vers C, elle y couppe la courbe GE a an-
gles droits. quieft ce qu'ilfalloit faire. Et ie ne voy rien
qui empefche, qu'onn’eftende ce problefme en mefme
fagon a toutes les lignes courbes,qui tombent fous quel-
que calcul Geometrique. ,
Mefmeileft aremarquer touchant la derniere fom-
me, quon prent a difcretion, pour remplir le nombre
desdimenfionsdel'autre fomme , lorfqu'il y en man-
que , comme nous auons pris tantoft
ytfyi--gg yy=h*y—+k*; quelesfignes + & -
y peunent eftre fuppofds tels, qu’on veut, fans que la li-
gnev, ou AP, fe tronuediverfe pourcela, comme vous
pourresayfement voir par experience. cars'il falloit que
ic m'areftaflca demonftrertous les theorefmes dontfie
ais
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Again, the third™” equation, namely,

+2bcd?z 2bcdez — 2¢cd? vz — 2bdevz — bd®s? + bd* v'—cd?s* + cd*?
bd? +cd +Elv—d*v

)

is of the same form as z?—2fs+f* where f=z, so that —2f or —2z
must be equal to
2bed® —2bcde —2cd*y — 2bdev
bd*+cé* + v —d*v ’

whence
_ bed? — bede+bd?z+-cz
T d 4 bde—Ez+dz

Therefore, if we take AP equal to the above value of w, all the
terms of which are known, and join the point P thus determined
to C, this line will cut the curve CE at right angles, which was required.
I see no reason why this solution should not apply to every curve to
which the methods of geometry are applicable.™™

It should be observed regarding the expression taken arbitrarily to
raise the original product to the required degree, as we just now took

' +fy' o'y +hty+k,
that the signs + and — may be chosen at will, without producing dif-

ferent values of v or AP."™ This is easily found to be the case, but if
I should stop to demonstrate every theorem I use, it would require a

[®1 First member of the third equation.

058) T et us apply, this method to the problem of constructing a normal to a para-
bola at a given point. As before, s*= 2492 —2vy++y2 If we take as the
equation of the parabola 42 = ry, and substitute, we have

s2=ry+v2—2vy+3y2 or 3+ (r—2v)y+2—s2=0
Comparing this with y2—2ey+¢2=0, we have r —2v=—2¢; 22— 5% = ¢2;
'u:;-l-e. Since e=ywy, v;,’-:+y. Let AM=g9y, and v =AP; then

AM — AP = MP — one-half the parameter. Rabuel, p. 314.

1159 Tt will be observed that Descartes did not consider a coefficient, as a, in the
general sense of a positive or a negative quantity, but that he alwavs wrote the
sign intended. In this sentence, however, he suggests some generalization.
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much larger volume than I wish to write. I desire rather to tell you
in passing that this method, of which you have here an example, of sup-
posing two equations to be of the same form in order to compare them
term by term and so to obtain several equations from one, will apply
to an infinity of other problems and is not the least important feature
of my general method."*

I shall not give the constructions for the required tangents and nor-
mals in connection with the method just explained, since it is always
easy to find them, although it often requires some ingenuity to get short
and simple methods of construction.

1% The method may be used to draw a normal to a curve from a given point,
to draw a tangent to a curve from a point without, and to discover points of
inflexion, maxima, and minima. Compare Descartes’s Letters, Cousin, Vol. VI,
p. 421. As an illustration, let it be requlred to find a point of mﬂexnon on the
first cubical parabola. Its equation is y3 =a2x. Assume that D is a point of
inflexion, and let CD =y, AC= 4, PA =35, and AE = . Since triangle PAE is

Y Sy
r

similar to triangle PCD we have m=€ , whence » = . Substituting in

2
the equation of the curve, we have y"—arﬂ +a2s=0. But if D is a point of

inflexion this equation must have three equal roots, since at a_point of inflexion
there are three coincident points of section. Compare the equation with

38 —3ey?+3e2y — 3 =0.

Then 3¢2=0 and e =0. But e =14, and therefore y = 0. Therefore the point of
inflexion is (0, 0). Rabuel, p. 321.

0
~ J

o

-

o~

1 €

0]

c A P

It wnll be of interest to compare the method of drawmg tangents given by
Fermat in Methodus ad disquirendam maximam et minimam, Toulouse, 1679,
which is as follows: It is required to draw a tangent to the parabola BD from a

point O without. From the nature of the parabola D/ B_CQ, since O is without the

curve. But by similar triangles B—(’l = (,_}:2 Therefore Q>C—h2 Let CE=a,
ol I1E

Cl=¢, and CD =d; then DI =d —e¢, and > L)z; whence

_4_
d—e” (a—e
de? — 2ade > — aZe.

Dividing by e, we have de —2ad > — a2 Now if the line BO becomes tangent to
the curve, the point B and O coincide, de—2ad ==—a?, and e vanishes; then
2ad = a? and a = 24 in length. That is CE =.2CD
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fais quelque mention, ie ferois contraint d’efcrire vavo-
lume beaucoup plus gros que ie ne defire. Maisie veux
bien en paffant vous auertir que l'inuention de fuppofer
deux equations de mefme forme , pour comparer fepa-
rementtouslestermesdel’vnea ceux delautre , & ainfi
en faire naiftre plufieurs d’'vnefeule, dont vous auesvit
icy vnexemple, peut feruir a vne infinité d’autres Pro-
blefmes, & n’eft pasI'vne des moindres de la methode
dontie me fers.

Ien’adioufte point les conftructions, par lefquelles on
peut defcrire les contingentes ou les perpendiculaires
cherchées, enfuite du calcul queie viensd'expliquer, a
caufe qu'il eft toufiours ayf¢de les tronuer: Bienque fou-
uenton ait befoin d’vn peu d'adrefle, pour les rendre
courtes & fimples. _

Comme par exemple, fiD Ceft lapremiere conchoi- Exemple
de des anciens, delacon-
dont A foit le po- ‘};‘;‘};‘:ﬁ
le, & BH la regle: ?;eg':;_»m
en forte que tou- choide.
tes leslignes droi-
tes qui regardent
vers A, & font
comprifes entre la

‘A courbe CD, &la
droite BH, com-
me DB & CE, foientefgales: Et qu'on veuille trouner
ke ligne C G qui la couppe au point C a angles droits.
On pourroit en cherchant, dans la ligne B H, le point
par ol cete ligne C G doitpaffer, felon la methode icy

expli-
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expliquee, sengager dans vn calcul autant ou plus Jong
qu'aucun des precedens: Et toutefois la conftrucion, qui
deuroit aprés en eftre deduite ,eft fort fimple. Car ilne
faut que prendre C F enlaligne droite CA, & la faire
efgale 2 CH qui eft perpendiculaire fur H B: puis du
point Ftirer F G, parallele 2 BA, & efgalea EA: an
moyen de quoy ona le point G, par lequel doit paffer
C Glaligne cherchée.

Aurefteaffin que vous fgachides que Ia confideration
des lignes conrbes icy propofée n’cft pas fans viage, &
qu’elles ont dinerfes proprietés, quine cedent en rien a
celles des fections coniques,ie veux encore adiouftericy
L'explication de certaines Ouales, que vousverres eftre
tresvtilespour la Theorie de la Catoptrique , & dela
Dioptrique. Voycy lafacondontieles defcris.

j ’7 Giv —_—
— i"'

SLTTTTTPPVIR

F A

Premierement ayant tire les lignes droites FA , &
AR, quis’entrecouppentanpoint A, fans qu’il importe
aquelsangles, ie prensen!'voe le point F a difcretion,
c'eftadire plus oumoinsefloign¢du point A felon que

ie
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Given, for example, CD, the first conchoid of the ancients (see page
113). Let A be its pole and BH the ruler, so that the segments of all
straight lines, as CE and DB, converging toward A and included
between the curve CD and the straight line BH are equal. Let it be
required to find a line CG normal to the curve at the point C. In try-
ing to find the point on BH through which CG must pass (according
to the method just explained), we would involve ourselves in a calcula-
tion as long as, or longer than any of those just given, and yet the
resulting construction would be very simple. For we need only take
CF on CA equal to CH, the perpendicular to BH; then through F
draw FG parallel to BA and equal to EA, thus determining the point
G, through which the required line CG must pass.

To show that a consideration of these curves is not without its use,
and that they have diverse properties of no less importance than those
of the conic sections I shall add a discussion of certain ovals which you
will find very useful in the theory of catoptrics and dioptrics. They
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may be described in the following way: Drawing the two straight lines
FA and AR (p. 114) intersecting at A under any angle, I choose arbi-
trarily a point F on one of them (more or less distant from A accord-
ing as the oval is to be large or small). With F as center I describe a
circle cutting FA at a point a little beyond A, as at the point 5. I then
draw the straight line 56" cutting AR at 6, so that A6 is less than AS,
and so that A6 is to A5 in any given ratio, as, for example, that which
measures the refraction,"™ if the oval is to be used for dioptrics. This
being done, I take an arbitrary point G in the line FA on the same side
as the point 5, so that AF is to GA in any given ratio. Next, along the
line A6 I lay off RA equal to GA, and with G as center and a radius
equal to R6 I describe a circle. This circle will cut the first one in two
points 1, 1,"* through which the first of the required ovals must pass.

Next, with F as center I describe a circle which cuts FA as little
nearer to or farther from A than the point 5, as, for example, at the
point 7. I then draw 78 parallel to 56 and v ith G as center and a radius
equal to R8 I describe another circle. This circle will cut the one
through 7 in the points 1, 1" which are points of the same oval. We
can thus find as many points as may be desired, by drawing lines paral-
lel to 78 and describing circles with I and G as centers.

el The confusion resulting from the use of Arabic figures to designate points
is here apparent.

(192 That is, the ratio corresponding to the index of refraction.

bel “Au point 1.

tel “Ay point 1.7

116



Livre SEcOXND. 353
ie veux faire ces OQuales plus ou moins grandes, &dece
point Fcomme centre ie defcris vncercle , qui paffe
quelque peuau deladu point A, comme par le point 5,
puisde ce point s ie tirelaligne droite 56, qui couppe
l'autre au point 6, en forte qu’ A 6 foit moindre qu’ A 7,
felon telle proportion donnée qu'on veut, a fgauoir fe-
lon celle qui mefure les Refractions fi ons’en veut fer-
uir pour la Dioptrique. Aprés celaie prens aufly le point
G, enlaligne F A,du coftcon eft le point 5, a difcretion,
ceftadireenfaifant queleslignes AF & G A ont entre
elles telle proportion donnée qu'on veut. Puis ie fais
R AefgaleaG Aenlaligne A6. &ducentre G defcri-
uvant va cercle, dont le rayon foit efgal 2 R s, il couppe
I'autre cercle de part & d’autre au point x, quieftI'vade
ceux par ot doit paffer la premiere des Ouales cher-
chées. Puisderechef du centre F ie defcris vn cercle,
qui pafle vn penaudega, ouau dela du point 5, comme
parlepoint 7, & ayant tir¢ laligne droite 7 8 parallele a
56, ducentre G ie defcris vnautre cercle, dont le rayon
eftefgalala ligne R8. & ce cercle couppe celuy quj
paffe par le point 7 au point 1, qui eft encore I'vo de ceux
delamefme Ouale. Et ainfi on en peut trouuer au-
tant d'autres qu'on voudra , en tirant derechef d’au-
tres lignes paralleles 3 7 8, & d'autres cercles des centres
F, &G.

Pourlafeconde Qualeiln’yapoint de difference, fi-
nonqu'auliend’ A R ilfaurde l'autrecofté du point A
prendre A Sefgal2 A G, & que le rayon du cercle de-
{crit du centre G, pour coupper celuy qui eft defcrit du
centre F & qui paffe par le point 5, foit efgal a la

Yy ligne
17
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ligne S 6; ou qu'il foit efgala S 8, fi c’eft pour coupper
eeluy qui pafle par le point 7. & ainfi des autres, au
moyen dequoy ces cercles sentrecouppent aux poins
marqués 2, 2, qui font ceux de cete feconde Ouale
A=2X.

Pour latroifiefme, & la quatriefme,au lieu delaligne
A Gilfaut prendre A H de l'autre cofté¢ dupoint A, 2
fcavoir du mefme qu'eft le point F. Etilya icy de plus
a obferuer que cete ligne A H doit eftre plus grande que
A F:laquelle peut mefme eftre nulle, en forte que le
point F ferencontre ot eftle point A, en ladefcription
detoutescesouales. Apréscela les lignes AR, & A S
eftant efgalesa A H , pour defcrire la troifiefme ouale
A3Y,iefaisvncercle du centre H, dont le rayon eft

efgal
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In the construction of the second oval the only difference is
that instead of AR we must take AS on the other side of A, equal
1o AG, and that the radius of the circle about G cutting the circle about

F and passing through 5 must be equal to the line S6; or if it is to cut
the circle through 7 it must be equal to S8, and so on. In this way the

circles intersect in the points 2, 2, which are points of this second oval
A2X,

To construct the third and fourth ovals (see page 121), instead of
AG I take AH on the other side of A, that is, on the same side as F.
It should be observed that this line AH must be greater than AF, which
in any of these ovals may even be zero, in which case F and A coincide.
Then, taking AR and AS each equal to AH, to describe the third oval,
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A3Y, I draw a circle about H as center with a radius equal to S6 and
cutting in the point 3 the circle about F passing through 5, and another
with a radius equal to S8 cutting the circle through 7 in the point also
marked 3, and so on.

Finally, for the fourth oval, I draw circles about H as center with
radii equal to R6, R8, and so on, and cutting the other circles in the
points marked 4."*

%1 Tn all four ovals AF and AR or AF and AS intersect at A under any
angle. F may coincide with A, and otherwise its distance from A determines the
size of the oval. The ratio A5 : A6 is determined by the index of refraction of
the material used. In the first two ovals, if A does not coincide with F it lies
between F and G, and the ratio AF : AG is arbitrary, In the last two, if F does
not coincide with A it lies between A and H, and the ratio AF : AH is arbitrary.
In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In
the second oval AS = AG and S is on the opposite side of A from 6, 8. In the
third oval AS = AH and S is on the opposite side of A from 6, 8. In the fourth
oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342.
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efgal 4 S 6, qui couppe au point 3 celuy du centre T, qui
paffe par le point 5; & vnautre dont le rayon eft efgala
S 8, qui couppe celuy qui pafle par le point 7, au point
aufly marque 3; 8 ainfi desautres. Enfinpour la derniere

ounale
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ouale e fais des cercles du centre H , dont les rayons
font efgaux aux lignes R 6,R 8, & femblables, qui coup-
pent les autres cetcles aux poins marqués 4.
On pourroit encore trouuer vne infinit¢ dautres
moyens pour defcrire ces mefmes ouales. comme par
exemple, on peut tracer lapremiere AV, lorfqu’on fup-
pofe leslignes FA & A G eftre efgales, fi on divife la
toute F G au point L, en forte que F L foitaL G, com-

meA saA 6. c'efta dire qu'elles ayent la proportion,

qui mefure les refractions. Puisayant diuif¢ A L en deux
partiesefgalesau point K, qu'on face tourner vne reigle,

commeF E, autour du point F, enpreflant dudoigt C,
la chorde E C, qui eftant attachée aubout de cete reigle
vers E, fereplie de C vers K, puis de K derechef versC,
& de C vers G, oufon autre bout foit attache , enforte
que lalongeur de cete chorde foit compofée de celle
deslignes G A plus A L plus FE moins AF. & cefera
lIe mouuement du point C, qui defcrira cete onale , a
Timitation de cequiacfteditenla Dioptriq;de I'Ellipfe,
‘ &
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There are many other ways of describing these same ovals. For
example, the first one, AV (provided we assume FA and AG
equal) might be traced as follows: Divide the line FG at L so that
FL : LG=AS5: A6, that is, in the ratio corresponding to the index
of refraction. Then bisecting AL at K, turn a ruler FE about the
point F, pressing with the finger at C the cord EC, which, being
attached at E to the end of the ruler, passes from C to K and then
back to C and from C to G, where its other end is fastened. Thus the
entire length of the cord is composed of GA+AL-+FE—AF, and the
point C will describe the first oval in a way similar to that in which the
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ellipse and hyperbola are described in La Dioptrique.™® But I cannot
give any further attention to this subject.

Athough these ovals seem to be of almost the same nature, they
nevertheless belong to four different classes, each containing an infinity
of sub-classes, each of which'in turn contains as many different kinds
as does the class of ellipses or of hyperbolas; the sub-classes depend-
ing upon the value of the ratio of A5 to A6. Then, as the ratio of AF
to AG, or of AF to AH changes, the ovals of each sub-class change in
kind, and the length of AG or AH determines the size of the oval."™

If AS is equal to A6, the ovals of the first and third classes become
straight lines; while among those of the second class we have all pos-
sible hyperbolas, and among those of the fourth all possible ellipses."

In the case of each oval it is necessary further to consider two por-
tions having different properties. In the first oval the portion toward
A (see page 114) causes rays passing through the air from F to con-
verge towards G upon meeting the convex surface 1Al of a lens
whose index of refraction, according to dioptrics, determines such
ratios as that of A5 to A6, by means of which the oval is described.

(%] See the rotes on pages 10, 55, 112.

1 Compare the changes in the ellipse and hyperbola as the ratio of the length
of the transverse axis to the distance between the foci changes.

118 These theorems may be proved as follows: (1) Given the first oval, with
A5=A6; then RA=GA; FP=F5; GP=R6= AR —R6= GA — A5 =GS5.
Therefore FP+ GP = F5+ GS5. That is, the point P lies on the straight line FG.
(2) Given the second oval, with A5=A6; then F2=TF5=FA+AS;
G2=S6=SA~+A6—=SA+AS5;G2—F2=SA —FA=GA—FA =C. There-
fore 2 lies on a hyperbola whose foci are F and G, and whose transverse axis is
GA —FA. The proof for the third oval is analogous to (1) and that for the
fourth to (2).

It may be noted that the first oval is the same curve as that described on

page 98. For FP = F5, whence FP— AF = A5, and AR= AG; GP =R6;
AG— GP = A6. If then A5 : A6=4d : ¢ we have, as before,

FP—AF : AG—GP=d: ..
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& de 'Hypetbole. mais ie ne veux point m’arefter plus
long tems {ur ce fuiet.

Or encore que toutes ces ouales femblent eftre quafi
de mefme nature,elles font neanmoins de 4 divers gen-
res, chafcun defquels contient fous foy vne infinité d’au-
tres genres, qui derechef contienent chafcun autant de
diverfesefpeces, que fait le genre des Ellipfes, ou celuy
des Hyperboles. Car felon que la proportion, quieft en-
tre leslignes A 5, A 6, oufemblables, eft differente ; le
genre fubalterne de ces ouales cft different. Puis felon
que laproportion, quieftentreleslignes A F, & A G,ou
A H, eft changee, les ouales de chafque genre fubalter-
ne changentd’efpece. Etfelonqu'A G,ou AHeft plus
ou moins grande, elles font diuerfes en grandeur. Et fi
leslignes A 5 & A 6 fontefgales, au lieudesouales du
premier genreoudutroifiefme, onne defcrit que des
lignes droites; mais au lieu de celles du fecond on atou-
tesles Hyperboles poffibles; & aulieu de cellesdu der-
nier toutes les Ellipfes.

Outre cela en chafcune de cesouales il faut confiderer Les pro-
deux parties, qui ont dinerfes proprietés ; a fgauoir en la Prictés de

cesotales
premiere, la partie quieft vers A, fait que les rayons, qui touchant

eftant dans lair vienent dupoint F, fe retouruent tous .55
vers le point G, lorfqu’ils rencontrent la fuperficie con- les refra-
vexe d’'vn verre,dont la fuperficieeft 1 A 1, & dans le- =™
quel lesrefractions fe font telles , que fuivant ce qui a’
efté¢dit enla Dioptrique, elles peuuent toutes eftre me-

furées parlapropertion , qui eft entreles lignes A 5 &

A 6,0u femblables, par I'ayde defquelles on a defcrit cete

ouale,

Yy 3 Mais
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Mais la partie, quieft versV, fait que les rayons qui
vienent du point G fe reflefchiroient tous vers F, s'ilsy
rencontroient la fuperficie concaue d’vn mifoir, dontla
figure fuft 1 V 1, & qui fuft de telle matiere qu'il di-
minuaft la force de ces rayons,felon la proportion qui eft
entreleslignes A5 & A 6: Cardecequiaefté¢ demon-
ftré enla Dioptrique, il eft evident que cela pof¢, lesan-
glesde lareflexion feroient inefgaus, aufly bien que font

ceux de la refrattion, & pourroient eftre mefurds en
mefme forte.

Enlafecondeoualelapartie 2 A 2 fert encore pour les
reflexions dont on fuppofe les angles eftre inefgaux. car
eftant enla fuperficie d’vn miroir compofé de mefme
matiere que le precedent,elle feroit tellement reflefchir
tous les rayons, qui viendroientdu point G, qu’ils fem-
bleroient aprés eftre reflefchis venirdu point F. Etil
eft aremarquer, qu'ayant fait la ligne A G beaucoup

plus
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But the portion toward V causes all rays coming from G to converge
toward F when they strike the concave surface of a mirror of the
shape of 1V1 and of such material that it diminishes the velocity of
these rays in the ratio of A5 to A6, for it is proved in dioptrics that in
this case the angles of reflection will be unequal as well as the angles
of refraction, and can be measured in the same way.

Now consider the second oval. Here, too, the portion 2A2 (see
page 118) serves for reflections of which the angles may be assumed
unequal. For if the surface of a mirror of the same material as in the
case of the first oval be of this form, it will reflect all rays from G,
making them seem to come from F. Observe, too, that if the line AG
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is considerably greater than AF, such a mirror will be convex in the
center (toward A) and concave at each end; for such a curve would
be heart-shaped rather than oval. The other part, X2, is useful for
refracting lenses; rays which pass through the air toward F are re-
fracted by a lens whose surface has this form.

The third oval is of use only for refraction, and causes rays travel-
ing through the air toward F (page 121) to move through the glass
toward H, after they have passed through the surface whose form is
A3Y3, which is convex throughout except toward A, where it is sligh'tly
concave, so that this curve is also heart-shaped. The difference between
the two parts of this oval is that the one part is nearer F and farther
from H, while the other is nearer H and farther from F.

Similarly, the last of these ovals is useful only in the case of reflec-
tion. Its effect is to make all rays coming from H (see the second
figure on page 121) and meeting the concave surface of a mirror of
the same material as those previously discussed, and of the form
A474, converge towards F after reflection.

The points F, G and H may be called the “burning points” " of
these ovals, to correspond to those of the ellipse and hyperbola, and
they are so named in dioptrics.

I have not mentioned several other kinds of reflection and refraction
that are effected”™ by these ovals; for being merely reverse or opposite
effects they are easily deduced.

%) That is, the foci, from the Latin focus, “hearth.” The word focus was
first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank-
fort, 1604. Chap. 4, Sect. 4.

(10 “Reglées.”
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plus grande que A F, ce miroir feroit conuexe au milieu,
vers A, & concaue aux extrémitez: cartelle eft lafigure
de cete ligne, qui en cela reprefente plutoft v coeur
qu’vneouale,

Mais fon autre partie X 2 fert pour les refractions, &
fair que les rayons, qui eftant dans l'air tendent vers F, fe
detournent vers G, en trauerfant la fuperficie d’'vn ver-
re, qui enaitlafigure.

Latroifiefme ouale fert toute aux refractions, & fait
que les rayons, qui eftant dans l'air tendent vers F, fe
vont rendre vers H dansle verre, aprés qu'ils ont trauer-
{¢ fa fuperficie,dont lafigureeft A 3 Y 3, qui eft conue-
xe par tout,exceptévers A olielleeft vn peu concaue,en
forte qu’elle ala figure d’vn coeur auffy bien que la pre-
cedente. Etladifference quieftentre les deux parties
de ceteouale, confifte ence quele point F eft plus pro-
chede I'vne, que n’eft le point H; & qu'il elt plus
efloignéde l'autre, que ce mefme point H.

En mefme fagon laderniere ouale fert toute aux re-
flexions, & fait que fi les rayons,qui vienent du point H,
rencontroiert la fuperficie concaue d'vn miroir de mef-
me matiere que les precedens, & dont lafigure fuft A 4
Z 4, ilsfe reflefchiroient tousversF,

De fagon qu'on peut nommer lespoins F, & G, ou FE
lespoins bruflans de ces ouales, al'exemple de ceux des
Ellipfes, & des Hyperboles, qui ont efté ainfi nommés
enla Dioptrique.

I'omets quantit€ d’autres refractions, & reflexions,
qui font reiglées par ces mefmes ouales : car n’eftant
que les conuerfes, ou les contraires de celles cy, cllesen

peuuent
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360 LA GEOMETRIE,
peuuent facilement eftre deduites. Mais il ne faut pas
quei'omette lademonftration de ceque iay dit. & acet
cffect, prenons par exemple le point C a difcretionenla
premiere partie de la premiere de ces oual]es ; puistirons
a ligne droite
o / C P,gqui coup-
S pelacourbe au
< ' ‘.‘.‘. , \ point C aan-
F A M P S gles droits, ce-
qui eft facile
par le problefme precedent ; Car prenant & pour AG, ¢
pour A F, ¢ =3 pourF C; & fuppofant que la propor-
tion qui eft entre d& e, que ic prendray icy toufiours
pour celle qui mefure les refrations du verre propof¢,
defigne aufly celle qui eft entreles lignes A 5, & A6, ou
femblables, qui ont ferui pour defcrire cete ouale,ce qui

donned --;:._{ pour G C: on trouue que laligne A Peft

bedd - bede v bddz W« ceez. " , ,
B i oA e ainfiqu'ila eft¢ monftre’cy deflus.

De plus du point P ayant tiré P Q_a angles droits fur la
droite F C, & P N auffy a angles droitsfur G C,confide-
ronsque iPQefta P N, commedeft ae, ceft 2 dire,
comme les lignes qui mefurent les refractions du verre
conuexe A C, le rayon qui vient du point F au point C,
doit tellement s’y courber en entrant dans ce verre, qu'’il
s'aille rendre aprés vers G: ainfi qu'il efttres euident de
cequiaefté diten la Dioptrique. Puis enfin voyons par
le calcul, s’il eft vray, que P Qfoit 2 PN ; comme 4 eft
ae. Les triangles re¢tanglesP Q F, & C M F font fem-

’ blables;
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I must not, however, fail to prove the statements already made. For
this purpose, take any point C on the first part of the first oval, and
draw the straight line CP normal to the curve at C. This can be done
by the method given above,"™ as follows; _

Let AG=b, AF=c, FC=c+}2z. Suppose the ratio of d to e, which
I always take here to measure the refractive power of the lens under
consideration, to represent the ratio of A5 to A6 or similar lines used
to describe the oval. Then '

e
GC=b6— FEd
whence

AP— bed® —bede+bd z+cé*z
T bde+cd*+dlz—éz

From P draw PQ perpendicular to FC, and PN perpendicular to GC."™
Now if PQ : PN=d : e, that is, if PQ: PN is equal to the same
ratio as that between the lines which measure the refraction of the
convex glass AC, then a ray passing from F to C must be refracted
toward G upon entering the glass. This follows at once from dioptrics.

]

11711 See page 115.
17 Here PQ is the sine of the angle of incidence and PN is the sine of the
angle of refraction. The ray FC is reflected along CG.
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Now let us determine by calculation if it be true that PQ : PN—d : e.
The right triangles PQF and CMF are similar, whence it follows that

FP‘CM=PQ. Again, the right {riangles

CF
PNG and CMG are similar, and therefore (—}%Gcll:PN. Now since

CF: CM=FP: PQ, and

~ the multiplication or division of two terms of a ratio by the same num-

. ..FP.CM GP.CM
ber does not alter the ratio, if “C¢F ' co

each term of the first ratio by CM and multiplying each by both CF
and CG, we have FP.CG : GP.CF=d : e. Now by construction,

=d: e, then, dividing

bed®*—bcde4-bd*s+-cc®s
cd*+bde—e*z+-d*z

FP=c+

or bed*+c*d*+bd*z+-cd?z

Fp= cd®*+-bde—e*z+dz
and ¢
CG=b— 2%
Then .
FP CG_bzcd2+bc2d’+b2d2z—|—bcdzz—bcdcs—czdez—bdezz—cdezz
I cd*4-bde—e*z+-d?z :
Then bed*—bcde+-bd*z+
cd*—bcde 2z+t-ce’z
P =4 bde—etrdz
or

op_Ddetbode—bets—cets.
= cd*+-bde—e*z4-d*z
and CF=c+z. So that

bicde+bctde+-b2dez+bedez—bee?z—c2e?z — be?z®—ce?z?

GP.CF= cd*+-bde—e*z+4-d*z
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blables; d'ou il fuit que/C FeftaCM,commeFP efta
P Q; & parconfequent que FP, eﬁant multiplice pat
CM, & divifée par CF, eff efgale aP Q. Tout de mef-
me les triangles reGtanglesP NG, & CM G font fem-
blables; d’ou il fuit que G P, multipliéc parC M, & diui-
féepar C G, eftefgaleaP N. Puisa caufe que les mul-
tiplications, ou diuifions, qui fe font de deux quantites
par viie mefme, ne changent point la proportion qui eft
entre elles; fi F P multipliée par C M; & diuifeée par CF,
eft 2 G P multiplide aufly par CM & dinifee par C G;
comme deft e, en dinifant I'voe &il'autre de ces deux
fonmespar CM , puis les multipliant toutes deux par
CF,&derechefpar C G,ilrefte F P multiplide par CG,
qui doiteftre 2 G P multipli¢e par CF, comme 4 eftae.
Or par laconftru@ion F Peft ¢ 'yz;i:;z;d;'ﬂ::’f‘i‘f‘_‘;

oubien F P 20 bedd g ccdd g bddz g cddz. |
bdesy cdd 4dg - cex %CG eft

b -- - g-fibienque multipliant F P par CG il vient

bbedd g beedd g bbddz g beddz -- bedex -- codex, -- bdexs -- cdexg -

bde ¥ cdd Fdd] - eex
- bedd B bede -- bddz -- cee{,. .
PuisGPeft b T Bde b cdd & ddz - eex oubien

bbde % bede - - beez. - - ceez,»
GP “bde g cAd edd7 " eex ——&CFeftc43;

fibienque multipliant G P par CF , il vient
bbede g beede -- beeez. - - cceex bbdeq o bedeg -- bnz,z, - ceexx.
bde-k cdd ¥ ddz —-eex

Et pourcequela premiere de ces fommes diuifce pard,
eftla mefme que la feconde diuifée par ¢, il eft manifefte,
que F P multiplice par C G eft a G P multipliée par CF;

Zz ceft
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ceftadireque PQefta PN, commed efta ¢, qui eft
tout ce qu'ilfalloit demonftrer.

Etfgachés , que cete mefme demonftration s’eftend
a tout cequi a eft€ dit des autres refractions ou refle-
xions, quifefontdanslesouales propofées; fans quil y
faille changer aucune chofe , que les fignes + & - du
calcul. c’eft pourquoy chafcunles peut ayfement exa-
miner de foymefme, fans qu’il foit befoin que ie m’y
arefte.

Maisil faut maintenent, queiefatisface a ce que iay
omis en la Dioptrique, lorfqu’apres auoir remarqué,qu’il
peut y anoir des verres de plufieurs dinerfes figares, qui
facent aufly bien I'vn que 'autre, que les rayons venans
d’'vn mefme point de I'obiet, s’aflemblent tous envn au-
tre point aprés les anoir trauerfes. & qu’entre ces verres,
ceux qui font fort conuexesd’un cofté, & concaues de
I'autre, ont plus deforce pour brufler, que ceux qui font
efgalement conuexes desdeus coftés. au lieu que tout
au contraire ces derniers font les meilleurs pour les lune-
tes. ie me fuiscontented’expliquer ceux, que i'ay cril
eftre les meilleurs pour la prattique, en fuppofant la diffi-
culté que les artifans peuuent auoir a les tailler. C'efe
pourquoy,affin qu'il ne refte rien afouhaiter rouchantla
theorie de cete [cience, ie doy expliquer encoreicy lafi-
gure des verres, qui ayant 'vne de leurs fuperficies au-
tant conuexe, au concaue, qu’onvoudra, ne laiffent pas
de faire que tousles rayons , qui vienent vers eux d’'vn
mefme point, ou paralleles , s'affemblent aprés en vn
mefme point ; & celle des verres qui font le femblable,
eftant efgalement conuexesdes deux coftés , aabienla

conue-
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The first of these products divided by d is equal to the second divided
by e, whence it follows that PQ: PN=FP.CG: GP.CF=d : ¢
which was to be proved. This proof may be made to hold for the
reflecting and refracting properties of any one of these ovals, by proper
changes of the signs plus and minus; and as each can be investigated
by the reader, there is no need for further discussion here."™

It now becomes necessary for me to supplement the statements made
in my Dioptrique™ to the effect that lenses of various forms serve
equally well to cause rays coming from the same point and passing
through them to converge to another point; and that among such lenses
those which are convex on one side and concave on the other are more
powerful burning-glasses than those which are convex on both sides;
while, on the other hand, the latter make the better telescopes."™ I
shall describe and explain only those which I believe to have the great-
est practical value, taking into consideration the difficulties of cutting.
To complete the theory of the subject, I shall now have to describe

U] To obtain the equation of the first oval we may proceed as follows: Let
AF=¢; AG=b; FC=c¢+4+2z; GC=6— %z. Let CM=x, AM=y. FM=c+y;
GM =b—y. Draw PC normal to the curve at any point C. Let AP =v. Then
CF?=CM®+ FM”. Also, c2+2cz+ 22 = 2+ 2+ 2cy + 32, whence

z=—ct+V 22+ c2+2cy+y2
Also, CG’= CM?+ GM?, whence

be et Y
b2—27z+?z-=x-+b2—2by+y2.

Substituting in this equation the value of z obtained above, squaring, and simplify-
ing, we obtain:

[ (d2—e2)x2+ (dz—ez)yZ—2(e2c+bde)y—zec(ec—bd)]’
=4e2(bd+ec)2(x2+c2+2cy+y?). Rabuel, p. 348.

0™ Descartes: La Dioptrigue, published with szcours de la Methode, Leyden,
1637. See also Cousin, vol. III, p. 401.

U7 “T unetes.” The laws of reflection were familiar to the geometers of the
Platonic school, and burning-glasses, in the form of spherical glass shells filled with
water, or balls of rock crystal are discussed by Pliny, Hist. Nat. xxxvi, 67 (25)
and xxxvii, 10. Ptolemy, in his treatise on Optics, discussed reflection, refraction,
and plane and concave mirrors.
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again the form of lens which has one side of any desired degree of con-
vexity or concavity, and which makes all the rays that are parallel or
that come from a single point converge after passing through it; and
also the form of lens having the same effect but being equally convex
on both sides, or such that the convexity of one of its surfaces bears a
given ratio to that of the other.

In the first place, let G, Y, C, and F be given points, such
that rays coming from G or parallel to GA converge at F after
passing through a concave lens. Let Y be the center of the inner sur-
face of this lens and C its edge, and let the chord CMC be given, and
also the altitude of the arc CYC. TFirst we must determine which of
these ovals can be used for a lens that will cause rays passing through
it in the direction of H (a point as yet undetermined) to converge
toward F after leaving it.

There is no change in the direction of rays by means of reflection or
refraction which cannot be effected by at least one of these ovals; and
it is easily seen that this particular result can be obtained by using either
part of the third oval, marked 3A3 or 3Y3 (see page 121), or
the part of the second oval marked 2X2 (see page 118). Since
the same method applied to each of these, we may in each case take Y
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conuexitéde I'vne de leurs fuperficies ayant la propor-
tion donnéea cellede l'autre.

Comm&e

Pofons pour le premier cas, que les poins G,Y, C, & F o peut
eftant donnés, les rayons qui vienent du point G, oubien faire va
qui font parallelesa G A fe doivent affembler au point | ,on.
F, aprésauoir trauerfé vnverre fi concaue, qu' Y eftant uexe ou
le milien de fa fuperficie interieure, Pextremite en foit {75oee’
au point C,enforte que la chorde CM C, &lafleche defesfa.
Y Mdelarc CY C, font donnces. La queftion vala, gf,fff_‘e"
que premierement il faut confiderer, de laquelle des voudra,
oualesexpliquees, la fuperficie du verre Y C, doit auoir fmbloa
lafigure, pour faire que tous les rayons, qui eftant de- ;‘;'l":;‘“
danstendent vers vn mefme point, comme vers H, qui tousles
n’elt pas encore connu, s"aillent rendre vers vn autre, a qurvie-
fgauoirversF, aprésen eftrefortis. Cariln’y a aucun neat &'vn
effe& touchant le rapport des rayons changé par refle- poio
xion, ou refraciond’vn pointa vnautre , qui ne puiffe donné.
eftre caufe par quelqu’vne de ces ouales. & on voit
ayfement que cetuycy le peut eftre par la partie de la
troifiefme Ouale, quia tantoft efté marquee 3 A 3, ou
par celle de lamefme, quiaefté marquee 3 Y 3, ou enfin
parlapartie delafeconde qui aeft¢marquée 2X 2. Et
pourceque ces trois tombent icy fous mefme calcul, on-
doittant pour I'vne, que pour l'autre prendre Y pour

Zz 2 leur
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leur fommet, C pour’'vndes poins de leur circonferen-
ce, & F pourI'vnde leurs poins bruflans ; apres quoy il
verefte plusa chercher que le point H, qui doit eftre
Vautre point bruflant. Etonle trouue en confiderant,
que ladifference, qui eft entre les lignes F Y & F C,doit
eftreacelle, quieft entreleslignes HY & H C,comme
deft e, ceft adire,comme la plus grande des lignes qui
mefurent les refractions du verre propof€ eft ala moin-
dre; ainfi quon peut voir manifeftement de la defcri-
ption de ces ouales. Etpourcequeleslignes FY& F C
font données, leur difference 'eft aufly , & en fuite celle
quieftentre HY & H C ; pourceque la proportion qui
eftentre ces deux differences eft donnee. Et de plus a
caufe que Y Meft donnée, la difference qui eft entre
M H,8 H C,l'eft aufly; & enfin pourceque C M eft don-
nce, il nerefte plus qu'a tronuer M H le cofté du triangle

rectangle C M H, donton a Fautre cofté CM, &ona
auffy la difference quieft entre CHlabaze, & M Hle
coftédemandé€. d’o il eft ayf¢ dele trouuer. carfior
prent & pour 'excés de C H fur M H, & » pour lalongeur

nn

delaligne CM, onaura 7 -- 5 £ pour MH. Et apre§
auoir ainfi le point H,s"il fe troune plus loin du point Y,
que
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(see pages 137 and 138), as the vertex, C as a point on the curve,™™
and F as one of the foci. It then remains to determine H, the other
focus. This may be found by considering that the difference between
FY and FC is to the difference between HY and HC as d is to e; that
is, as the longer of the lines measuring the refractive power of the lens
is to the shorter, as is evident from the manner of describing the ovals.

Since the lines FY and FC are given we know their difference; and
then, since the ratio of the two differences is known, we know the dif-
ference between HY and HC.

Again, since YM is known, we know the difference between MH
and HC, and therefore CM. It remains to find MH, the side of the
right triangle CMH. The other side of this triangle, CM, is known,
and also the difference between the hypotenuse, CH and the required
side, MH. We can therefore easily determine MH as follows:

2
Let #=CH—MH and »=CM; then %—%k:MH,which deter-

mines the position of the point H.

1l “Circonference.”
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If HY is greater than HF, the curve CY must be the first part of
the third class of oval, which has already been designated by 3A3.

But suppose that HY is less than FY. This includes two cases:
In the first, HY exceeds HF by such an amount that the ratio
of their difference to the whole line FY is greater than the ratio of e,
the smaller of the two lines that represent the refractive power, to d,
the larger; that is, if HF=c, and HY==c--h, then dh is greater than
2ce+teh. In this case CY must be the second part 3Y3 of the same
oval of the third class.

In the second case dh is less than or equal to 2ce+eh, and CY is the
second part 2X2 of the oval of the second class.

Finally, if the points H and F coincide, FY = FC and the curve ’
YC is a circle.

It is also necessary to determine CAC, the other surface of the lens.
If we suppose the rays falling on it to be parallel, this will be an ellipse
having H as one of its foci, and the form is easily determined. If,
however, we suppose the rays to come from the point G, the lens must
have the form of the first part of an oval of the first class, the two foci
of which are G and H and which passes through the point C. The
point A is seen to be its vertex from the fact that the excess of GC
over GA is to the excess of HA over HC as d is to e. For if k repre-
sents the difference between CH and HM, and » represents AM, then
x—Fk will represent the difference between AH and CH ; and if g repre-
sents the difference between GC and GM, which are given, g+4#
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quen'eneftle point F, laligne C Y doit eftrela premie-
re partie del'ovale du troifiefme genre,qui a tantoft eft&
nommée3 A 3: MaisiHY eft moindre que F Y, oubien
elle furpafle HF de tant, que leur difference eft plus
grandea raifon delatoute F Y, que n'eft ¢ la moindre
des lignes qui mefurent les refractions comparée auec d
la plus grande, c’eft a dire que faifant HF 2 ¢, &
HY ¢+ h,dheftplus grande que 2ce--eh, & lors
CY doiteftre lafeconde partie de la mefme ouate du
troifiefme genre, qui atantoft eft¢nomce 3 Y'3;0ubien
d heft efgale, ou moindre que 2 ce-teb> & lors CY
doit eftre la feconde partic de I'ouale du fecond genre
quia cy defluseflténommee 2 X 2. Et enfin file point
eftle mefme que le point F, ce qui n’arrine que lorfque

FY &F Cfontefgalescete ligne Y Ceftvn cercle.
Aprés celail faut chercher C A G l'autre fuperficie de
ce verre, qui doit eftre vne Ellipfe, dont H foitle point
bruflantyfi on fuppofe que lesrayons qui tombent deflus
foiét paralleles; & lorsil eft ay(¢ de la trouuer. Mais fion
fuppofe qu'ils vienét du pointG, ce doit eftre la premiere
partie d'vne ouale du premier genre,dont les deux poins
bruflans foiet G & H, & qui paffe par le point C:d’ot on
trouue le point A pour le fommet de cete ouale,en confi-
derat,que GCdoiteftre plus grade que GA ,d’vne quan-
tit¢,qui foit a celle dont H A furpafle H C,comme dae.
car ayant pris £ pour la difference,quieft entre CH,& H
M, fi onfuppofe x pour A M,on aura,x -- £, pour la diffe-
rence qui eftentre A H, & C H; puis ft on prent g pour
celle, quieft entre G C, 8 GM, qui font données, on
aurag -t pour celle, quieft entre GC, & GA; &
Zz 3 pour-
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Commé: pourceque cetederniere g+ x eft al'autre x -- £, com-
on peuc . gekdk
fairevn medeft e, ond ge—+ex0dx --dk, oubien =

verre, qul . » .
aitle mef pour la ligne x,ou A M , par laquelle on determine le

me efed point A qui eftoit cherché,

que le_
lg‘::ff;’ Pofons maintenent pour l'autre cas , qu’on ne donne
conuexi- que les poins G C, & F,auecla proportion qui eft entre

£delve Jes lignes AM, & Y M, & qu'il faille trouuerla figure du

pesficies verre A C'Y, quiface quetousles rayons, qui vienent
e dupoint G s'affemblent au point F.
donnée  Onpeut derechef icy fe feruir de deux ouales dont

1 i) H i ’
“d‘c’fjﬁirlf I'vne, A C, ait G & H pour fes poins bruflans; & I’autre,

C

C Y,ait F& H pour les fiens.Et pour les trouuer,premic-
rement fuppofant le point H quieft commun atoutes
deuxeftre connu, ie cherche A M par les trois poins
G,C,H,enla fagon tout maintenent expliquée;a fgauoir
preuant £ pour ladifference, quieftentreC H, & HM;
& gpourcellequieftentre GC, &G M: & ACeftant
la premiere partie de I'Ouale du premier genre , iay

e :_d: pour A M: puisie cherche aufly MY par les trois

poinsF, C, H,enforte que CY foit la premiere partie
d'vne ouale du troifiefine genre; & prenant y pourM Y,
&
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will represent the difference between GC and GA; and since

g+x : x+—k=d : e, we have ge+f-er=dr—dk, or AM=x=‘M

d—e

which enables us to determine the required point A.

Again, suppose that only the points G, C, and T are given, together
with the ratio of AM to YM; and let it be required to determine the
form of the lens ACY which causes all the rays coming from the point
G to converge to F.

In this case, we can use two ovals, AC and CY, with foci G and H,
and F and H respectively. To determine these let us suppose first
that H, the focus common to both, is known. Then AM is determined
by the three points G, C, and I in the way just now explained; that is
if k represents the difference between CH and HM, and g the differ-
ence between GC and GM, and if AC be the first part of the oval of the
gedk

d—e ’

We may then find MY by means of the three points F, C, and H.
If CY is the first part of an oval of the third class and we take y for
MY and f for the difference between CF and FM, we have the dif-

first class, we have AM=
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ference between CF and FY equal to f4y; then let the difference
between CH and HM equal k, and the difference between CH and HY
equal k+y. Now k+y : f+y==e : d, since the oval is of the third class,

fed_—_(f’f' Therefore, AM+MY=AY= g:,t’f, whence it

follows that on whichever side the point H may lie, the ratio of the
line AY to the excess of GC4CF over GF is always equal to the ratio
of e, the smaller of the two lines representing the refractive power of
the glass, to d—e, the difference of these two lines, which gives a very
interesting theorem."™

The line AY being found, it must be divided in the proper ratio into
AM and MY, and since M is known the points A and Y, and finally
the point H, may be found by the preceding problem. We must first
find whether the line AM thus found is greater than, equal to, or less

than fTee' If it is greater, AC must be the first part of one of the
third class, as they have been considered here. If it is smaller, CY

must be the first part of an oval of the first class and AC the first part

whence MY =

071 “Qui est un assez beau théoréme.”
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& fpourladifference, quieft entre CF, & FM , i'ay
f—y,pourcelle quieltentre CF, & F Y: puisayant de-
fia g pour celle qui eft entre CH, & H M,iay £ -y pour
cellequieft entre CH, & HY, que ie fcay deuorr eftre

af -~y commee eftad, acaufe del'Ouale du trosfiefme

.\ e fe c - d’h . .
genre, d'odietrouue que y ou MY eft'——- puis io-
gnant enfemble les deux quantites trouuces pour A M, &

- gek TR
MY, ietrouue’ ed.fpour latoute A Y; D’ou il fuit que

de quelque cofté que foit fuppof€le point H, cete ligne
AY eft toufiours compofée d’vne quantité, quiefta cel-
le dontlesdeux enfemble G C, & CF furpaffent la tou-
te GF,Commee,la moindre des deux lignes qui feruent
amefurer les refractions du verre propofe, eftad--¢, la
difference qui eftentre ces deux lignes: cequieft vnaf
fésbeautheorefme. Or ayant ainfi la toute AY, illa
faut couper felon la proportion que doiuent auoir fes
partiesA M & M Y; aumoyende quoy pource qu'on a
defiale point M, ontrouue auffy les poins A &Y ; &en
fuitele point H, par le problefme precedent. Mais au-
parauvant il faut regarder,filalignc A M ainfi trouuce eft
plus grande que ;{—f’;ou plus petite, ouefgale. Carfi elle
eft plus grande,on apprent de la que Ia courbe A C doit
eftre la premiere partie d’vne ouale du premier genre; &
CYlapremiere d’vne du troifiefime, ainfi qu'elles ont
eft¢ icy fuppofées: au lieu que fielleeft plus petite, cela
monftre que c’eft CY, quidoit efirela premiere partie
d’vne ouale-dupremier genre; & que AC doit eftrela
premiere d’voe du troifiefine : Enfinfi AM eft efgale 2

e,
Lo

d-e
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dg_% les deux courbes A C & C Y doiuent eftre deux hy-

perboles.

On pourroit eftendre ces deux problefmes a vne 1nfi-
nit€d'autres cas, que ie ne m'arefte pasa deduire,i caufe
quilsn’ont enaucunvfage en la Dioptrique.

On pourroit aufly paffer outre, & dire , lorfque I'vne
des fuperficies duverre eft donnee, pourutl qu’elle ne
{oit quetoute plate,ou compofee de fedtions coniques,
oudecercles; commenton doit faire fon autre fuperfi-
cie, affin qu’il tranfmette tous les rayons d’vn point don-
n¢, avnautre pointaufly donné. car ce n’eft rien de plus
difficile que cequeie viens d’expliquer ; ou plutoft c’eft
chofe beaucoup plus facile, 2 canfeque le chemin en eft
ouuert. Maisiayme mieux, que d’autres le cherchent,
affinque s'ilsont encore vn peu de peine 2 le trouver, ce-
laleur face d’autant plus eftimer I'innention des chofes
qui fonticy demonftrces.

Commz: | Aurefteicnay parléentout cecy,que des lignes cour-
onpeur bes, qu'on peut defcrire fur vne fuperficie plate ; mais il
251(’]‘;?:“ eftayf¢ de rapporter ceque i'ent ay dit, 2 toutes celles
eftédic  qu'on fgauroit imaginer eftre formees , par le mouue-
;fg,;j:s ment regulier des poins de quelque cors, dans vn efpace
courbes  qui a trois dimenfions. A fgauoiren tirant denx perpen-
deferices diculaires,de chafcun des poinsde la ligne courbe quon

fur vne

r‘;P"'ﬁ.‘i‘ veut confiderer,fur deux plans qui s’entrecouppentaan-
ate, a L ) ) ,
P lles qi glesdroits, I'vne furl'vn, & autre fur I'autre. carlesex-

fl;"zfgi;n tremités de ces perpendiculaires defcrivent deux autres

4 .

clpace qu lignes courbes, vne fur chafcun de ces plans, defquelles
-

awros<” onpeut,en lafagon cy deflusexpliquee,determiner tous
' les
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ge

, the curves
d—e

of one of the third class. TFinally, if AM is equal to

AC and CY must both be hyperbolas.

These two problems can be extended to an infinity of other cases
which T will not stop to deduce, since they have no practical value in
dioptrics.

I might go farther and show how, if one surface of a lens is given
and is neither entirely plane nor composed of conic sections or circles,
the other surface can be so determined as to transmit all the rays from
a given point to another point, also given. This is no more difficult
than the problems I have just explained; indeed, it is much easier since
the way is now open; I prefer, however, to leave this for others to
work out, to the end that they may appreciate the more highly the dis-
covery of those things here demonstrated, through having themselves
to meet some difficulties.

In all this discussion I have considered only curves that can be
described upon a plane surface, but my remarks can easily be made to
apply to all those curves which can be conceived of as generated by the
regular movement of the points of a body in three-dimensional space."™
This can be done by dropping perpendiculars from each point of the
curve under consideration upon two planes intersecting at right angles,
for the ends of these perpendiculars will describe two other curves, one
in each of the two planes, all points of which may be determined in the
way already explained, and all of which may be related to those of a
straight line common to the two planes; and by means of these the
points of the three-dimensional curve will be entirely determined.

" This is the hint which Descartes gives of the possibility of the extension of

his theory to solid geometry. This extension was effected largely by Parent (1666~
1716), Clairaut (1713-1765), and Van Schooten (d. 1661).
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We can even draw a straight line at right angles to this curve at a
given point, simply by drawing a straight line in each plane normal to
the curve lying in that plane at the foot of the perpendicular drawn
from the given point of the three-dimensional curve to that plane and
then drawing two other planes, each passing through one of the straight
lines and perpendicular to the plane containing it; the intersection of
these two planes will be the required normal.

And so I think I have omitted nothing essential to an understanding
of curved lines.
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les poins, &les rapporter a ceux delaligne dreite , qui
eft commune a ces deux plans, au moyen dequoy ceux
delacourbe, qui a trois dimenfions , font entierement
determines. Mefme fion veuttirer vne ligne droite,qu
couppe cete courbe au pornt donne a angles dronts « il
taut feulement tirer deux autres lignes droites dans les
deux plans, vne en chafcun, qui couppent aangles droits
les deux lignes courbes, qui y font, aux deux poins, ou
tombent les perpendiculaires qui vienent de ce point
donné. car ayant efleuédeux autres plans, vn fur chal-
cune de ceslignes droites, qui couppea angles droits le
plan ot elle eft, onaura l'interfetion de ces deux plans
pourlaligne droite cherchée. Et ainfi ie penfe n’auoir
rien omis des elemens, qui font neceflaires pour la con-
noiffance des lignes courbes.
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Geometry
BOOK III

ON THE CONSTRUCTION OF SOLID AND SUPERSOLID PROBLEMS

HILE it is true that every curve which can be described by a con-
tinuous motion should be recognized in geometry, this does not
mean that we should use at random the first one that we meet in
the construction of a given problem. We should always choose with
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GEOMETRIE.
LIVRE TROISIESME.

De Is conftrultion des Problefmes , qui
Jfont Solides, on plufque Solides.

De qucl-

EN CORE quetoutes les lignes courbes, qui peuuent bes lignes
courbes

eftre defcrites par quelque mouuement regulier, o5 peuc

doiuent eftre receués enla Geometrie , ce n'eft pas adi- :°n f;ﬂg;

requ il foit permis de fe feruir mdlﬁ'eremmcnt de la pre- fruction
miere quife rencontre, pour la conftruétion de chafque d:o;?:ffq»

Aaa pro- me.
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problefme: mais ilfaut auoir foin de choifir toufiours [a
plus fimple , parlaquelle il foit poflible de le refoudre.
Etmefme il eft aremarquer, que par les plus fimples on
nedoit pas feulement entendre celles, qui pcuuent le
plusayfementeftre defcrites, ny celles qui rendent la
conftru&ion, ou la demonftration du Problefme propo-
{éplusfacile , mais principalement celles, qui font du
plusfimple genre,qui puiffe feruir a determiner la quan-
titéqui eft cherchée.

AC\ E\\ G\ N

Comme par exemple ie ne croy pas, qu'il yait aucu-
ne fagon plus facile, pour trouuer autant de moyeunes
proportionnelles, quon veut, ny dont lademonftration
foit plus enidente, que d’y employer les lignes courbes,
quife defcriuvent par l'inftrument X Y Z cy deffus expli-
qué. Carvoulant trouuer deux moyennes proportion-
nelles entre Y A & Y E, il ne faut que defcrire vn cercle,
dontlediametre foit Y E; & pource que ce cercle coup-

pe
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care the simplest curve that can be used in the solution of a problem,
but it should be noted that the simplest means not merely the one most
easily described, nor the one that leads to the easiest demonstration or
construction of the problem, but rather the one of the simplest class
that can be used to determine the required quantity.

For example, there is, I believe, no easier method of finding any num-

U nor one whose demonstration is clearer,

ber of mean proportionals,
than the one which employs the curves described by the instrument
XYZ, previously explained."™ Thus, if two mean proportionals
between YA and YE be required, it is only necessary to describe

1 For the history of this problem, see Heath, History, Vol. 1, p. 244, et seq.
1%] See page 46.
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a circle upon YE as diameter cutting the curve AD in D, and YD is
then one of the required mean proportionals. The demonstration
becomes obvious as soon as the instrument is applied to YD, since YA
(or YB) isto YCas YCisto YDas YD is to YE.

Similarly, to find four mean proportionals between YA and YG, or
six between YA and YN, it is only necessary to draw the circle YFG,
which determines by its intersection with AF the line YF, one of the
four mean proportionals; or the circle YHN, which determines by its
intersection with AH the line YH, one of the six mean proportionals,
and so on.

But the curve AD is of the second class, while it is possible to find
two mean proportionals by the use of the conic sections, which are
curves of the first class."! Again, four or six mean proportionals can
be found by curves of lower classes than AF and AH respectively. It
would therefore be a geometric error to use these curves. On the other
hand, it would be a blunder to try vainly to construct a problem by
means of a class of lines simpler than its nature allows."

Before giving the rules for the avoidance of both these errors, some
general statements must be made concerning the nature of equations.
An equation consists of several terms, some known and some unknown,
some of which are together equal to the rest; or rather, all of which
taken together are equal to nothing; for this is often the best form to
consider."™

81 1§ we let + and 9 represent the two mean proporticnals between a and b we
have ¢ : x=2x : y =y : b, whence 2 —=ay; y2 =bx, and 2y —ab. Therefore
x and 9 may be found by determining the intersections of two parabolas or of a
parabola and a hyperbola.

18 Cf Pappus, Book IV, Prop. 31, Vol. I, p. 273. See also Guisnée, Applica-
tion de 'Algébre a la Géométrie, Paris, 1733, p. 28, and L'Hospital, Traité Analy-
tique des Sections Coniques, Paris, 1707, p. 400.

U8 The advantage of this arrangement had been recognized by several writers
before Descartes.

156



LivrRe TROISIESME. 37!
pelacourbe A Daupoint D, Y D eft 'vne des moyennes
propertionnelles cherchées. Dontla demonftration fe
voital'ceil par lafeule application de cet inftrument fue
laligne Y D. carcomme Y A,ou Y B, quiluy eftefgale
¢taY C;ainiYCeftaYD;&YDa YE.

Toutdemefme pour trouuer quatre moyennes pro-
portionellesentre Y A & Y G; ou pour entrouuer fix eus
tre YA & Y N, il ne faut que tracerle cercle Y F G,qui
couppant A Faupoint F, determinelaligne droite Y F,
quieftI'voe de ces quatre proportionnelles; ou Y H N,
qui couppant A Haupoint H, determine Y H I'vne des
fix, & ainfi desautres. :

Mais pourceque la ligne courbe AD eft du fecond
genre, & qu'on peut trouuer deux moyenes proportio-
nelles par les feGtions coniques,qui font du premier ; &
aufly pourcequ’on peut trouuer quatre ou fix moyenes
proportionelles, pardeslignes quine font pas de genres
fi compofés, quefont AF, & A H, ce feroit vne fauteen
Geometrie que de les y employer. Et c’eft vne faute
aufly dautre cofté de fe travailler inutilement a vouloir
conftruire quelque problefme par vn genre de lignes
plus fimple, que fa nature ne permet.

Or affin que ie puiffe icy donner quelques reigles, De 1a na-
pour euiter 'vne & l'autre de ces deux fautes, il faut que E“‘:afg‘s
ie die quelque chofe en general de la nature des Equa-
tions;c’eft a dire des fommes compofées de plufieurs ter-
mes partie connus, & partie inconnus, dont les vns font
efgaux aux autres, ouplutoft qui confiderds tous enfem-
ble fontefgaux arien. carce ferafouunent le meilleur de
les confiderer en cete forte,

Aaa 2 Scachés
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Combien

ilpesr y  Scachés donc qu'en chafque Equation, autant que
::;L‘c;“ la quantitéinconnue ade dimenfions, autant peutily
en chafg; auoir de diuerfes racines, c’eft a dire de valeurs de cete
Equatid quantité. carpar exemple fi on fuppofe xefgale a 2; ou-
bien x-- 2 efgal a rien ; & derechef x 2 3; oubien
% -- 3 20 o;en multipliant ces deux equatiéns x -- 2 200,
& x -- 3 20 0, 'vneparl'autre, onaura xx-- yx+6 20,
oubien x x 20 § x-- 6, quieft vne Equation en laquelle la
quantit€ x vaut 2 & tout enfemble vaut 3. Que fi dere-
chefon fait % -- 4 20 0, & qu’on multiplic cete fomme par
Xx--§x-1-6200, Onaura x’-- 9gxx +26x --24 0,
qui eft voe autre Equation en laquelle x ayant trois di-
menfions a aufly trois valeurs,qui font 2, 3, 8 4.
Quelles 1 ais fouuent il arriue, que quelques vnes de cesraci-
faufles ra- Des font fauffes , ou moindres que rien. comme fion
cines.  {uppofe que x defigne aufly le defaut d’vne quantité,
quifoit s ,onax - 50 , qui eftant multiplide par
X3--9Xx X+ 26%--24ofait
X4--4x'--19xx-+ 106 X--120 00
pour voe equation en laquelle il y a quatre racines , a
fgauoir trois vrayes qui font 2, 3, 4, & vne faufle qui
ctt 5.
f:;;‘:‘ Et on voit euidemment de cecy, que lafomme d'vne
diminuer equation, qui contient plufieurs racines, peut toufiours
lenombre eftre diuifee par vn bindme compofe de la quantité in-
menfions connué,moins la valeurde I'vne des vrayes racines, la-
g:;:fof " quelle que ce foit; ou plus lavaleurde I'voe des fauflés.
losfgu’'on Ay moyen de quoy on diminue d’autant fes dimen-

connoift fions

qu.el- .

& vede  Et reciproquement que fi la fomme d'vne equation
¢S raci-

nes. one
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Every equation can have"™ as many distinct roots (values of the

unknown quantity) as the number of dimensions of the unknown
quantity in the equation."™ Suppose, for example, ¥ =2 or x—2 =0,
and again, # =3, or #—3 =0. Multiplying together the two equa-
tions # —2 —0 and #—3 =0, we have 4*—5x+4+6 =0, or #* — 5r—6.
This is an equation in which « has the value 2 and at the same time"™
x has the value 3. If we next make x—4 =0 and multiply this by
2?—5x46—=0, we have 1+"—94°}26r—24 = 0 another equation, in
which #, having three dimensions, has also three values, namely, 2, 3,
and 4.

It often happens, however, that some of the roots are false"™ or less
than nothing. Thus, if we suppose # to represent the defect™ of a quan-
tity 5, we have #+45 = 0 which, multiplied by 2*—92426xr—24 =0,
yields #*—44%—19224106x—120 =0, an equation having four roots,
namely three true roots, 2, 3, and 4, and one false root, 5.

It is evident from the above that the sum™” of an equation having
several roots is always divisible by a binomial consisting of the unknown
quantity diminished by the value of one of the true roots, or plus the
value of one of the false roots. In this way,"™ the degree of an equa-
tion can be lowered.

On the other hand, if the sum of the terms of an equation™ is not
divisible by a binomial consisting of the unknown quantity plus or

(tLu]

[102]

B8 Tt is worthy of note that Descartes writes “can have” (“peut-il y avoir”),
not “must have,” since he is considering only real positive roots.

(%) That is. as the number denoting the degree of the equation.

1#] “Tout ensemble,”—not quite the modern idea.

&1 “Racines fausses,” a term formerly used for “negative roots.” Fibonacci,
for example, does not admit negative quantities as roots of an equation. Scritti de
Leonardo Pisano, published by Boncompagni, Rome, 1857. Cardan recognizes
them, but calls them “estimationes falsz” or “fictz,” and attaches no special sig-
nificance to them. See Cardan, Ars Magna, Nurnberg, 1545, p. 2. Stifel called
them “Numeri absurdi,” as also in Rudolff’s Coss, 1545.

U8 “] e défaut.” If x = —5, —5 is the “defect” of 5, that is, the remainder
when 5 is subtracted from zero.

% That is, three positive roots, 2, 3, and 4, and one negative root, — 5.

19 “Somme,” the left member when the right member is zero; that is, what
we represent by f(x) in the equation f(x)=0.

Ul That is, by performing the division.

"2 “Si la somme d’un équation.”
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minus some other quantity, then this latter quantity is not a root of the
equation. Thus the™ above equation #*—44*—19224106x—120 = 0
is divisible by x—2, #—3, ¥—4 and x+5,"" but is not divisible by x
plus or minus any other quantity. Therefore the equation can have
only the four roots, 2, 3, 4, and 5."™ We can determine also the num-
ber of true and false roots that any equation can have, as follows:"*
An equation can have as many true roots as it contains changes of sign,
from + to — or from — to +; and as many false roots as the num-
ber of times two - signs or two — signs are found in succession.
Thus, in the last equation, since 42* is followed by —42+?, giving a
change of sign from + to —, and —194* is followed by +4106x and
+106x by —120, giving two more changes, we know there are three
true roots ; and since —4x4® is followed by —194° there is one false root.
It is also easy to transform an equation so that all the roots that
were false shall become true roots, and all those that were true shall
become false. This is done by changing the signs of the second, fourth,

U First member of the equation. Descartes always speaks of dividing the
equation. :

U™ Incorrectly given as x — 5 in some editions.

1195 Where 5 would now be written — 5. Descartes neither states nor explicitly
assumes the fundamental theorem of algebra, namely, that every equation has at
least one root.

098] This is the well known “Descartes’s Rule of Signs.” It was known how-
ever, before his time, for Harriot had given it in his Artis analyticae [)raxis{ I“on-
don, 1631. Cantor says Descartes may have learned it from Cardan’s writings,

but was the first to state it as a general rule. See Cantor, Vol. II(1) pp. 496
and 725.
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.. . Comene
ne peut eftre divifée par vn binéme compofé de la quan- g peur

titéinconnue <~ ou -- quelque autre quantité, cela tef- cxamine

. . , R fiquelqie
moigne que cete autre quantité n’eft la valeur d’aucune i
de fesracines. Comme cete derniere tlava.

X*eeg X' --19xX -+ 106 X--12000 leurd'vne

racine.

peut bien eftre.diuifée, par x -- 2, & par x-- 3, &par
X -- 4, & par x -~ §; mais non point par x -+ ou-- aucu-
ne autre quantit¢. cequi monftre qu'elle ne peut auoir
que les quatre racines 2,3,4,& j.
On connoift aufly de cecy combien il peut y auoirde Combien
. . il peuty
vrayesracines, & combien de faufles en chalque Equa-

auoir de
tion. A fgauoirily enpeutauoirautantde vrayes, que viayes
les fignes -+ & -- s’y trouuent de fois eftre changéds ; & if;ﬂ;:: "
autant de faufles qu’ils’y trouue de fois deux fignes —-, Equatid.
oudeux fignes -- qui s’entrefuiuent. Comme en la der-
niere,a caufe qu'aprés -+ x *ily a-- 4 x,quieft vo chan-
gement du figne —+ en--, & apres-- 19 x xilya =106 %,
& aprés -+ 106 xil ya-- 120 qui font encore deus autres
changemens, on connoift qu’il y a trois vrayes racines; &
vae faufle,a caufe que lesdeux fignes -- de 4 x *, & 19 xx,
s'entrefuiuent.

Deplusileftayfdde faire en vne mefme Equation, csment
que toutes les racines qui eftoient faufles deuienent onfaic
vrayes,& par mefme moyen que toites celles qui eftoidt fo5°
vrayes deuienent fauffes : a fgauoir en changeant tous facines
les fignes + ou -- qui font en la feconde , en la juva‘:icon-
quatriefme , en la fixiefme , ou autres places qui fe v::;::&&
defignent par les nombres pairs , fans changer ceux les vrayes
de la premiere , de la troifiefme, de la cinquiefme o0
& femblables qui fe defignent par les nombres

Aaa s impairs.
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impairs, Comme fi au lieu de

+xt--4x'--19 XX+ 106X -- 120 D0

on efcrit

- x bt 4% 19X%--106X-- 12000

onavne Equation en laquelle il 0’y a qu’vne vraye ra-

cine, qui eft g, &troisfaufles quifont 2, 3, & 4.
f::;‘;‘ Que fi fans connoiftre la valeur des racines d’'vie E-
augmen- quation, on la veut augmenter, oudiminuer de quelque
:;f::cr‘" quantit€ connug, il ne fant qu'au lieu du terme inconnu
lesracines en fuppofer vn autre, qui foit plus ou moins grand de ce-
dvne E- re mefine quantite, & le fubftituer par tout en Ia place

quation, .
fansles  du premier.

e ®"  Comme fi onveut augmenter de 3 la racine de cete
Equation
X4t 4x3--19X%<-106 X-- 12000
il faut prendre s aulieud’'s, & penfer que cete quantite
yeftplus grande qu'x de 3, enforte que y -- 5 eft efgal
ax, &aulieud’ x », ilfantmettrele quarré d’y--.3 qui
eftyy-- 6y -+ g &aulieud’s s il faur mettre fon cube
quieftys--9yy-+27y--27,8 enfinauliend’ » + il faur
mettre fon quarréde quarréquieft y +-- 12y s+ 54 yy
--108 y -+~ 81. Etainfi defcrivant lafomme precedente
en fubftituant par tout yaulieud’xona
y*<-12y7-Fj54yy-- 108y -+ 81
+4)3--36yy =t 108y--108
--19yy -t 114y --171
--106y 318
--120

yre-syi=1yy 38y o0
oubien
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sixth, and all even terms, leaving unchanged the signs of the first, third,
fifth, and other odd terms. Thus, if instead of

4ot —42°—19224-1060—120 =0
we write i
4244425+ 192°2—1064—120 =0

we get an equation having one true root, 5, and three false roots, 2, 3,
and 4.""

If the roots of an equation are unknown and it be desired to increase
or diminish each of these roots by some known number, we must sub-
stitute for the unknown quantity throughout the equation, another
quantity greater or less by the given number. Thus, if it be desired
to increase by 3 the value of each root of the equation

444" —1942—1060—120 =0

put y in the place of &, and let y exceed x by 3, so that y—3 = x. Then

for 22 put the square of y—3, or y*—6y+49; for 2% put its cube,

¥3—9y24-27y—27; and for a* put its fourth power,"™ or
y*—129°+4 5492 —108y4-81.

Substituting these values in the above equation, and combining, we have
y* — 12y 4 544 — 108y 4 81

4 4y° — 36y° + 108y — 108
— 19y 4 114y — 171

— 106y + 318
— 120
¥y — 8 — ¥4 8y =0,"
or y*—8y*—y4+8 =0,

"7 I absolute value.

141 “Son quarré de quarré,” that is, its fourth power.

%] Descartes wrote this y* —8y* — y2+8y * 20 0, indicating by a star the
absence of a term in a completé polynomial.
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whose true root is now 8 instead of 5, since it has been increased by 3.
If, on the other hand, it is desired to diminish by 3 the roots of the
same equation, we must put y+3 = » andy*4-6y+9 = 22, and so on.
so that instead of #* 4 44® — 19242 — 10624 — 120 =0, we have

y* + 12y® 4 5442 4 108y -+ 81
+ 4y* + 3632 + 108y 4 108
— 19y — 114y — 171
— 106y — 318
— 120

yt 4+ 16y* +71y* — 4y — 420 =0.

It should be observed that increasing the true roots of an equation
diminishes™” the false roots by the same amount; and on the contrary
diminishing the true roots increases the false roots; while diminishing
either a true or a false root by a quantity equal to it makes the root
zero; and diminishing it by a quantity greater than the root renders

a true root false or a false root true.”

Thus by increasing the true
root 5 by 3, we diminish each of the false roots, so that the root pre-
viously 4 is now only 1, the rpot previously 3 is zero, and the root
previously 2 is now a true root, equal to 1, since —2+43 = +41. This

explains why the equation *—8y2—y+8 =0 has only three roots,

=1 Tn absolute value.
= For example, the false root 5 diminished by 7 means —(5 —7)= +2.
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oubienyi--8yy.-1y-820.
ot lavrayeracine qui eftoit 5 eft maintenant 8, a caufe
dunombre trois qui luy eft aioufté.

Que fionveut au contraire diminuer de trois laraci-
ne de cete mefme Equation, il faut faire y + 3 0%
&yy—+ 6y - 9 ax. & ainfi des autres de fagon
qu’au lieu de

xtegud-1gxx--106%-12000
on met
Yot r2yi--54yy+108y 4 81

+4y°+36 yy-+ 108 y+ 108

-=~I9yy-- 114y --171L
-- 106y -~ 318

-~ 120

ytt16ysd-71yy-- 4y --420D0.

Etil eftaremarquer quen augmentant les vrayes ra. Q'en
angmcn-

cines d’vne Equation, on diminue les faufles de la mef-
me quantité; ou au contraire en diminuant les vrayes,on

augmente les fauffes. Et que fion diminue foit les vnes diminue

{oit les autres, d’vne quantité qui leur foit efgale, elles

deuienent nulles, & que fi c’eft d’vne quantité qui les fur- contraire.

pafle, devrayes elles deuienent fauffes,, ou de faufles
vrayes. Commeicyenaugmentantde 3 la vrayeracine
quieftoit 5, on adiminué de 3 chafcune des fauffes , en
forte que celle qui eftoit 4 n'eft plus qu’r, & celle qui
eftoit 3 eft nulle, & celle quieftoit 2 eft deuenue vraye
& eft 1,a caufe que -- 2 -3 fait 1. c’eft pourquoy
encete Equationy’® -- 8y y -- 1y~ 8 20ilny a plusque
3 racines, entre lefquelles il y en a deux qui font vrayes,

1.&
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1, & 8, & vne faufle qui eft aufly 1. & en cete autre

y*+ 16y’ +71yy --4 y-- 42000
iln’y enaqu'vne vraye quieft 2, a caufe que - 5 -- § fait
-+ 2, & trois faufles qui font 5,6, & 7.

Or par cete fagon de changer la valeur desracines
fans les connoiftre, on peut faire deux chofes, qui auront
cy aprés quelque viage: la premiere eft qu'on peuttou-
fiours ofter le fecond terme de I'Equation qu’on exami-
ne, a fgauoir en diminuant les vrayes racines, de la quan-
tité connué de ce fecond terme diuvifée par le nombre
des dimenfions dupremier, fil'vn de ces deux termes
eftant marqueda figne +,l'autre eft marqué du figne --;
oubien enl'augmentant dela mefme quantite, silsont
tousdeux le figne -1, ou tous deuxlefigne--. Comme
pour ofter le fecond terme de laderniere Equatic quieft

yr+16yi+1yy--4y--42000
ayant dinif€ 16 par 4, a caufe des 4 dimenfions du terme
¥ «ilvient derechef4, c’eft pourquoy ic fais 3 -- 4 2y,
& iefcris ‘

Zt--1633+ 9633 -~ 2568 -+ 256

+16%'--19233+ 768 g--1024

+713%-- 568 31136

‘.- 4 3+ 16

-- 420

g' * --a52%--60 z--36 o,
oulavraye racine qui eftoit 2, eft 6, a caufe qu'elle eft
augmentée de 4; & lesfanfles qui eftoient g, 6, &7,ne
font plus que 1,2, & 3, a caufe qu'elles font diminuces

chafcune de4. .
out
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two of them, 1 and 8, being true roots, and the third, also 1, being false;
while the other equation y*—16y*471y*—4y—420 =0 has only one
true root, 2, since +5—3 = 42, and three false roots, 5, 6, and 7.

Now this method of transforming the roots of an equation without
determining their values yields two results which will prove useful:
First, we can always remove the second term of an equation by dimin-
ishing its true roots by the known quantity of the second term divided
by the number of dimensions of the first term, if these two terms have
opposite signs; or, if they have like signs, by increasing the roots by
the same quantity.”™ Thus, to remove the second term of the equation
v*4-16y*+71y*—4y—420 =0 I divide 16 by 4 (the exponent of y in
¥*), the quotient being 4. I then make z—4 = y and write

2t — 1628 4+ 9622 — 2562 4 256
o+ 1657 — 19252 4 7682 — 1024
4 7152 — 568z 4+ 1136

— 44 16
B — 420
zt — 25z — 60z — 36=0.

The true root of this equation which was 2 is now 6, since it has been
increased by 4, and the false roots, 5, 6, and 7, are only 1, 2, and 3,
=2 That is, by diminishing the roots by a quantity equal to the coefficient of

the second term divided by the exponent of the highest power of , with the oppo-
site sign.
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since each has been diminished by 4. Similarly, to remove the second

terms of x*—2ar"+ (2a°*—c?)2x*—2¢°x+4a* = 0; since 20+4 = % awe

1
must put z+§a=x and write

3., 1 1
4 3 2 02, 2 3 —
2"+ 2az +2az +2az+16a

— 2a2® —3a"z’—gqaz— jia"
+2a%2+2d%2 + %a'
— 2 — actz— lagc2
4
—2d°2— 4t
+ d
1, ; 5 1
s (12 o\ o (3, 2 S a1 aa_
2 +<2¢; c)z (a®+ac )z+16a 2%c¢ 0.

Having found the value of z, that of x is found by adding %a, Second,

by increasing the roots by a quantity greater than any of the false
roots™ we make all the roots true. When this is done, there will be
no two consecutive 4+ or — terms; and further, the known quantity
of the third term will be greater than the square of half that of the
second term. This can be done even when the false roots are unknown,
since approximate values can always be obtained for them and the roots
can then be increased by a quantity as large as or larger than is
required. Thus, given,

231 Tn absolute value.
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Tout de mefme fi on veut ofter le fecond terme de

&
x4-=28X3 ')E"_”““xx.- 2% +g4+00,

pourcequedivifant 2 @ par 4il vient } a; il faut faire
g+ 3 a0 xS efcrire
gét+2a3 +iaazz+3ar 3+ 358"
—143’ —3aazg -3’y --jat
+2aa33+t2a% +3at
-~ CC =-acc --gaacc
e=2a} —a¢
+a¢

{4

* 1 g} < g4
+:aa %3 a {’l-:’_a“ e
= (C = ace -e zaa;c

& fion trouue aprés lavaleurde , enluyadiouftant § 4

on auracellede x. Cément
Lafeconde chofe, qui aura cy aprés quelque vfage, on peuc
aire que

eft, qu'on peut toufiours en auvgmentant la valeur des ,ouee:
vrayes racines, d'vne quantité qui foit plus grande que les faufles
weft celle d’aucune des fauffes, faire qu’elles deuienent done
toutes vrayes,en forte qu'il n'y ait point deux fignes -+, Equarion
oudeux fignes -- quis’entrefuiuent, & outre cela quela vrayes,
quantite connué dutroifiefme terme foit plus grande, f::’vg‘;s
quele quarréde lamoitiéde celle du fecond. Car en- deuienct
core que cela fe face , lorfque ces fauffes racines font %%
inconnugs, ileft ayfé neanmoins deiuger a peu pre. de

leur grandeur, & de prendre vne quantite, quiles fur-

paffe d'autant, ou deplus,qu’il n’eft requis acet effect.

Commefiona

Bbb x¢
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RO R Xt 36N xbae 21624 X F129685X - 7776 8°Do.
enfaifant y -- 6 20 ¥, on trouuera

79- 360\ Y Hs40nn Y Y t--4120 23 Yy ik 194408 4) yy--466)6 15y 466§6n6
= n - 3o~nn} 360 B3 -+ 2160 24 e 6480n5| -- 7776ns
e 681 o144 13 -- 1296 n*) e f184 B -- 77766

36 n) -~ 648 n* e 3888m 5L - 777670

-~ 216 n* XTI B -~ 7776106

J H1296B:) - 7776n ¢

yo-- 35 @ ySkgo4nn y* - 3780 23 yhok ujr20 B4 yio- 27216 RSy * Do,

Ouil.eft manifefte, que so4 nx, quieft la quantit¢
connué dutroifiefme terme eft plus gtande, quele quar-
réde 3 », quieft lamoiti¢de celle dufecond. Et iln’y
apoint de cas, pour lequella quantite, dont on augmen-
telesvrayesracines, ait befoina cet effe¢t, d'eftre plus
grande, a proportion de celles qui font donndes , que
pour cetuy cy.

f:‘a:" Mais a caufe que le dernier terme s’y trouue nul, fion

quecou- ne defire pas que celafoit, il faut encore augmenter tant

;,‘,:if; foir peu la valeur desracines ; Et ce ne fgauroit eftre de

dvac E- ff peu, que ce ne foit aflés pour cet effect. Non plus que

5219%  Jorfqu’on veutaccroiftre le nombre des dimenfions de

remplies. quelque Equation, & faire que toutes les places de fes
termes foient remplies. Comme fiauliende x 5 ****
--6 2 o, on veut auoir vne Equation, en laquelle la
quantitéinconnue ait fix dimenfions, & dont aucun des
termes ne{oit nul, il faut premierement pour

x . * * * *_}oo efcrire

xC* ¥ ok *F_ by Foog
puisayant fait y --a 0¥, onaura
¥ -6aySduisaayt--r0a5y341584yy--6atypar
-bygab 20
Quil eft manifefte que tant petite que la quaatite & foit
{uppofée
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204na® —6n2at 4+-36n7 2" —216n* 42+ 12960+ —7776n° = 0O,

make y—6n = x and we have,

¥8—36m] y°+4540n2) y*—4320n7) y*-19440n*) y*
6480n°| — 7776m°
| 5184n3| — 7776m°

J

—46656n""‘ y-4-46656n°
+

+
4 3888ns[ — 7776m°
+
+

+ auf — 30m*} 4 360n°| — 2160n*
— 6n?] 4 144n3[ — 1296m*

+ 36n°] — 648nt

— 2l6nt 2592n%| — 7776m°

1296n) — 7776n"
— 7776n°

y8—35ny° +4-504ny* —3780n%y* +-15120nty* —27216n°y =O0.

Now it is evident that 504n?, the known quantity™” of the third term,

2
is larger than <3257z> ; that is, than the square of half that of the sec-

ond term; and there is no case for which the true roots need be in-
creased by a quantity larger in proportion to those given than for this
one.

If it is undesirable to have the last term zero, as in this case, the
roots must be increased just a little more, yet not too little, for the pur-
pose. Similarly if it is desired to raise the degree of an equation, and
also to have all its terms present, as if instead of #°—b =0, we wish
an equation of the sixth degree with no term zero, first, for +* — b =20
write 2°— by =0, and letting y — a = » we have

y*—6ay"+15a%y* —20a’y*+15a*y*— (6a®+-b) y+a®+ab = 0.
It is evident that, however small the quantity a, every term of this equa-
tion must be present.

2411, e., the coefficient,
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We can also multiply or divide all the roots of an equation by a
 given quantity, without first determining their values. To do this, sup-
pose the unknown quantity when multiplied or divided by the given
number to be equal to a second unknown quantity. Then multiply or
divide the known quantity of the second term by the given quantity,
that in the third term by the square of the given quantity, that in the
fourth term by its cube, and so on, to the end.

This device is useful in changing fractional terms of an equation,to
whole numbers, and often"™ in rationalizing the terms. Thus, given

26 8 .
B— N3P+ - =0, let there be required another equation
T 4

in which all the terms are expressed in rational numbers. Lety= 3

and multiply the second term by +/3, the third by 3, and the last by

8
9
required to replace this equation by another in which the known quanti-

3+/3. The resulting equation is y3—3y2+29—6y— =0. Next let it be
ties are expressed only by whole numbers. Let z—3y. Multiplying

3 by 3, 26 by 9, and g— by 27, we have

2°—9224-262—24 = 0.

The roots of this equation are 2, 3, and 4; and hence the roots of the

¥ But not always. Compare the case mentioned on page 175.
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fuppofee toutes les places de'Equation ne laiffent pas
d’eftre remplies.

De pluson peut, fans connoiftre la valeur des vrayes (§°':‘::5‘
racines d’vne Equation, les multiplier, ou diuifer tou- m}ﬁgi.
tes, par telle quantité connué qu on veut. Cequi fe fait gl‘ﬁ'(:r‘l o
en {uppofant que la quantité inconnu€ eftant multipli€e, racines
oudiuifée, par celle qui doit multiplier, ou diuifer les g)“:::f_
racines, eft efgale aquelque autre. Puis multipliant, ou ftse.
diuvifant la quantite connué du fecond terme, par cete
mefme qui doit multiplier, ou diuiferles racines; & par
fon quarré, celle dutroifiefme; & par foncube, celleda
quatriefme; & ainfiiufques au dernier. Ce qui peut fer- Somst,
uir pour reduire a des nombres entiers & rationaux, les!les som-
frations, ou fouuent aufly les nombres fours , quife :,’f,?.;:,‘:;
trouuent dansles termes des Equations. Comme fi on a Fetion

x3-=¥'3 xx+35x- 38,200, adesea-
& qu’on veuille enauoir vne autre en fa place, dont tous
lestermes s’expriment par des nombresrationaux; il faut
fuppofer y ©x ¥ 3, & multiplier par 73 la quantité
connué dufecond terme, quieft aufly #73, & par fon
quarré qui eft 3 celle dutroifiefme qui eft 2§, & par fon
cube qui eft 37”3 celle du dernier, quieft 33,5 ,cequi
fait

y =33y 3t y-5o0
Puis fionenveut auoirencore vne autre en la place de
celle cy,dont les quantites connués ne s’expriment que
par des nombres entiers; il faut fuppofer 203 y , & mul-

tipliant 3 par3, 36 parg, & 3 par27 on trouue

3} --933+ 26%--240 0, ol les racines eftant 2,3, .
& 4,0n connoift de 12 que celles de I'autre d’avparauant
Bbb 2 eftoient
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eftoient §, 1, &%, & que celles de la premiere eftoient
V3,5V 5, &%5V3.

Cément rati .
Cémene  Cete operation peut aufly feruir pour rendre la quan-

quanicé tité connué de quelqu’undes termes de’Equatic efgale
connué

T 2 quelq:Je autre donnée, comme fi ayant
=bbx4-c300

mesd’vne o ; : ’

Equation On veut auoiren fa place vne autre Equation, en laquel-

ef; e a le la quantité connué, du terme qui occupe la troifiefme
telle autre

quon  Place,afcauoir celle quielt icy b 4,foit 3.2 a,il faut fuppo.
veut. e

1 3 3a3¢c}
feryox ¥ J7spuisefcrirey ™ -- 3aay—+— V320,

des ter- X3

Que les  Aurefte tant les vrayesracines quelesfaufles ne font
wamtvra. pas toufiours reelles; mais quelquefois feulement imagi-
yes que naires; c’eft adire qu'on peut bien toufiours en imaginer
f;:;u?n: autant que jay dit en chafque Equation; mais quil,n’y a
eftrerecl- quefquefoisaucune quantite, qui correfponde a celles
imaginai- qu'on imagine. comme encore qu'on en puiffe imagi-
res. nertroisencellecy, #* --6¥*+13 ¥--1000, ilny
enatoutefois qu'vne reelle, quieft 2, & pour les deux
autres, quoy qu’on lesaugmente,ou diminue, ou multi-
plie enlafagon queie viensd’expliquer, on ne fgauroit
les rendre autres qu'imaginaires.
Larde-  Or quand pour trouuer la conftrution de quelque
‘g“:gi?s problefme,on vient avne Equation, en faquelle la quan-

cubiques tite inconnué a trois dimenfions ; premierement fj les

l‘;‘iﬁ,":ﬂlc quantites connués , quiyfont , contienent quelques

meet  nombres rompus,illes faut reduire a d'autres entiers, par

Plaa- 13 multiplication tantoft expliquée ; Et s'ils en contie-
. nentdefours , il faut aufly lesreduire ad’autres ratio-
naux, autant qu'il fera poflible,tant par cete mefme mul-
tiplication,
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preceding equation are § , 1 and %, and those of the first equation are

2 1 4 =
9\/?,3\/—3_,and9\/3.

This method can also be used to make the known quantity of any
term equal to a given quantity. Thus, given the equation

2—b*r+4c* =0,
let it be required to write an equation in which the coefficient of the
third term.”™ namely b2, shall be replaced by 3a* Let

y=1\l"m

and we have

Neither the true nor the false roots are always real; sometimes
they are imaginary ;" that is, while we can always conceive of as many
roots for each equation as I have already assigned,”™ yet there is not
always a definite quantity corresponding to each root so conceived of.
Thus, while we may conceive of the equation 4*—642+413x—10=0
as having three roots, yet there is only one real root, 2, while the other
two, however we may increase, diminish, or multiply them in accord-
ance with the rules just laid down, remain always imaginary.

When the construction of a problem involves the solution of an
equation in which the unknown quantity has three dimensions,” the
following steps must be taken:

First, if the equation contains some fractional coefficients,”"” change
them to whole numbers by the method explained above;*" if it con-

21 Descartes wrote this equatnon x * —bbxr+¢3 20 0, the star showing, as
explained on page 163, that a term is missing. Hence, he speaks of —b%x as the
third term.

271 “Mais quelquefois seulement imaginaires.” This is a rather interesting
c1assnﬁcat10n, signifying that we may have nosmve and negative roots that are
imaginary. The use of the word “imaginary” in this sense begins here.

8] This seems to indicate that Descartes realized the fact that an equation of
the nth degree has exactly # roots. Cf. Cantor, Vol. Ii(1), p.

2% That is, a cubic equation.

(210} “Nombrcs rompues,” the “numeri fracti” of the medieval Latin writers and

“numeri rotti” of the Italians. The expression “broken numbers” was often used
by earl]y English writers.

That is, transform the equation into one having integral coefficients.
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tains surds, change them as far as possible into rational numbers, either
by multiplication or by one of several other methods easy enough to
find. Second, by examining in order all the factors of the last term,
determine whether the left member of the equation is divisible®™ by a
binomial consisting of the unknown quantity olus or minus any one of
these factors. If it is, the problem is plane, that is, it can be constructed
by means of the ruler and compasses; for either the known quantity
of the binomial is the required root™ or else, having divided the left
member of the equation by the binomial, the quotient is of the second
degree, and from this quotient the root can be found as explained in
the first book."™"

Given, for example, y°—8y*—124y*—64 = 0. The last term, 64,
is divisible by 1, 2, 4, 8, 16, 32, and 64 ; therefore we must find whether
the left member is divisible by y*—1, y*41, v*—2, y*+42, y*—4, and
so on. We shall find that it is divisible by y*>—16 as follows:

49— 8y* —124y2 —64—=0
__ye_ 8y’— 4yz
0 —16y‘—128y’_16
—16 — 16
+ ¥+ &'+ 4=0

Beginning with the last term, I divide —64 by —16 which gives 4;
write this in the quotient; multiply 44 by +y* which gives 4-4y* and

2] “Qui divise toute la somme.”

17131 That is, the root that satisfies the conditions of the problem.
1241 See page 13.

1281 Descartes considers this equation as a function of y2.
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tiplication, que pat diuers autres moyens, qui font affés
facilesatrouner. Puis examinant par ordre toutes les
quantités , qui peuuent diuvifer fans fra&ion le dernier
terme, il fant voir, fi quelqu’vne d’elles, iointe auec la
quantite inconnué parle figne + ou --, peut compofer
vn binome , qui diuife toute lafomme; & fi celaeftle
Problefmeeftplan , c’eft adireil peut eftre conftruit
auec la reigle & de compas ; Car oubien la quantité
connué de ce binofme cft Ia racine chercheée ; oubien
PEquation eftant diuifée par luy, fe reduift a deux di-
menfions, en forte qu'on en peut trouuer apres la racine,
par ce quia efté dit au premier liure,
Parexemplefiona
yé--8ys--124y*-~6400.
le dernier terme , quieft 64, peut eftre divif fans fra-
Gtionpar, 2, 4, 8, 16, 32, & 64; C'eft pourquoy il faut
examiner par ordre fi cete Equation ne peut point
eftre dinifée par quelqu’vn des binomes , yy--1om
yy+i1,yy--20uyy-t2,yy--4&c.&ontroune quel-
le peutleftre pary y — 16, en cete forte.
+ y€--8yt—-124yy--64 0
1yt Byt 4y -
o - 16yrexaByy
16 16
T ytt8yy +4 o
Ie commence par ledernier terme, & diuife -- 64 pardL;l f;i“*“

e - v . uifes
- 16, ce qui fait + 4, que i'efcris dans le quotient , puis vacEqua-
ic multiplie + 4par+-yy,ce qui fait + 4 yy;C’eft pour—ypbar
quoyi'efcris-- 4 yyen lafomme, qu’il faut dinifer.car ity me qui

Bbb 3 faut eontiét fa

‘racine.
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tauctoufiours cfcrire le figne == ou -- tout contraire a
celuy que produift la multiplication. & icignant .- 124y
auec - 4yy, iay -- 128 yy, que ie divife derechef par -- 16,
& iay + 8 yy, pour mettredans le quotient & en le mul-
tipliant paryy iay -- 8 y ,pour ioindre anec leterme qu'il
faut dinifer, quieftaufly -- 8y+, & ces deux enfemble
font--16y+, queie divife par --16, cequi fait +ry+
pour [e quotient, 8 -- 1y ;pourioindre auec +-1y ¢, ce-
qui fait 0, & monftre que la divifion eft acheuce. Mais
s'il eftoit reft¢ quelque quantité, oubien qu'on n'euft pi
diuifer fans fraction quelqu’vn des termes precedens, on
euft par la reconnu,quelle ne pounoit eftre faite.

[
—-a
- a4

Toutdemefmefionay ¢ * 2%y - %2yy--2a4cc 200,

--aact

le dernier terme fe peut divifer fans fration par

a,aa, aa -+ cc,a* + ace, & femblables. Mais il n’y ena
que deux qu'onaitbefoinde confiderer, afcavoir as &
aa - ¢c;car les autres donnant plus ou moins de dimen-
fions dans le quotient, qu'iln’yen a en la quantité con-
nué€ du penaltiefme terme, empefcheroient que la diui-
fionne s’y puift faire. Etnotés, queieneconte icy les
dimenfionsd’y ¢, que pour trois, a caufe qu’il ny a point
d'ys,nyd’y’,nyd’yentoutela fomme. Or en exami-
nant le binéme yy -- a2 =¢¢ 20 0,0n trouue que la divifion

fe peut faire par luy en cete forte.
—at —-af
—+ shAa g eryymratcc 200
y "l“] 'yy--aac" ?
ey 6--288 -4%
..__2,. ce --RBCC --44--CC
Pl A i

--a4cC --AA--(C

244 kat
"",}'d:ol:c]-y Jaacc D0 Ce-
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write in the dividend (for the opposite sign from that obtained by the
multiplication must always be used). Adding —1249? and —4y* I
have —12842. Dividing this by —16 I have +8y2 in the quotient, and
multiplying by y* I have —8y* to be added to the corresponding term,
—84*, in the dividend. This gives —16y* which divided by —16 yields
—+3* in the quotient and —4°® to be added to +4y°® which gives zero, and
shows that the division is finished.

If, however, there is a remainder, or if any modified term is not
exactly divisible by 16, then it is clear that the binomial is not a
divisor.™

Similarly, given

ys_l_ az}y4__a4}y2_ at }
—2c% 4t —2a'c?; =0,
— azct
the last term is divisible by @, a?, a®4-c?, a®*4-ac®, and so on, but only
two of these need be considered, namely a? and a?+c¢2 The others give
a term in the quotient of lower or higher degree than the known quan-
tity of the next to the last term, and thus render the division impos-
sible.™ Note that I am here considering 3°® as of the third degree,
since there are no terms in 9%, 33, or y. Trying the binomial

¥y —a*—c2=0
we find that the division can be performed as follows:

+3°+ az% 4—a } 2— a°
y a2

——22(Y 4 [V -2 -0
0—2a%) 4—at 2— ait
+ 2V a2 T,
—Z—Z—2—2
+5 +202}z+a4 %_
— 2 (Y L2z (=0

®9 This is evidently a modified form of our modern “synthetic division,” the
basis of our “Remainder Theorem,” and of Horner’s Method of solving numericai
equations, a method known to the Chinese in the thirteenth century. See Cantor,
Vol. II(1), pp. 279 and 287. See also Smith and Mikami, History of Japanese
Mathematics, Chicago, 1914; Smith, I, 273.

71 This is not a general rule.
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This shows that a®>-c? is the required root, which can easily be proved
by multiplication. :

But when no binomial divisor of the proposed equation can be found,
it is certain that the problem depending upon it is solid,”™ and it is then
as great a mistake to try to construct it by using only circles and straight
lines as it is to use the conic sections to construct a problem requiring
only circles; for any evidence of ignorance may be termed a mistake.

Again, given an equation in which the unknown quantity has four
dimensions.”™ After removing any surds or fractions, see if a binomial
having one term a factor of the last term of the expression will divide
the left member. If such a binomial can be found, either the known

r,”" after the division is

quantity of the binomial is the required root, o
performed, the resulting equation, which is of only three dimensions,
must be treated in the same way. If no such binomial can be found,
we must increase or diminish the roots so as to remove the second term,
in the way already explained, and then reduce it to another of the third

degree, in the following manner: Instead of

2t pr?tgr+r=0
write
y° == 2pyt + (p* £ 4r)y* — ¢* = 0.

2181 That is, that it involves a conic or some higher curve.

191 A biquadratic equation.

2] «“Fither, or,” as in the original. It is like saying that the root of #2—a?=0
is either ¥ —a or y = —a.

221 Descartes wrote substantially “Instead of

+ xt* . prx.qr.r 00
+98.2pyt+ (pp.4r) ¥y —4aq 0 0.7

The symbolism is characteristic of Descartes.

write
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Ce qui monftre que la racine cherchee eft aa+cc.
Et lapreuue eneftayféea faire par la multiplication.

Mais lorfqu’on ne troune aucun binéme, qui puiffe Q%lf‘f.
ainfi diuifer toute lafomme de I'Equation propofee, il Pes font
eft certain que le Problefme qui en depend eft folide. Et {gilrd:se
ce n'eft pas vne moindre faute aprds cela, de tafcher ale requa-
conftruire fans y employer que des cercles & des lignes !'2 ‘f‘e
droites, que ceferoitd employer des fections coniques 3
aconftruire ceux aufquelsonn’a befoin que de cercles.
carenfin tout ce qui tefmoigne quelque ignorance s’ap-

pele faute.

Quefion avne Equation dont ta quantité inconnug |, . -
ait quatre dimenfions, il faut en mefine fagon, aprés en @ion des
auoir oft¢’les nombresfours, & rompus, s'ily en a, voir fi ngz-qui
on pourra trouuer quelque bindme, qui divife toute la ont qua-
fomme, enle compofantdel’'vne des quantités, qui di- :%ﬁi:s,
uifent fansfraction le dernier terme. Et fi onen trouue lorfque Ie
vn, oubien Ia quantite’connue de ce bindme eft laracine F¢ ef{'
cherchée; on du moins apréscete dinifion, il ne refte en plas. Ee
I'Equation, que troisdimenfions , enfuitedequoyil ceur qui

ont 10l1-

faut derechef I'examiner en lamefme forte. Mais lorf~ )7
quiil nefetrouue point de tel binéme , il faur en au-
gmentant, ou diminuant la valeur de la racine, ofter le
fecond termedelafomme , en lafagon tantoft expli-
quée. Etapréslareduire a vneantre , qui ne contie-
ne qug trois dimenfions. Cequi fe fait en cete forte.
Aulieude—-x+ ".pax . gx .7 o,
il faut efcrire + y‘.zpyf‘ff:yy - 49 o.
Et pour les fignes + ou -- que iay omis, il ya
en
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eu -+ p en laprecedentc Equation, il faut mettre en cel-
lecy +2p,ous’ilyaeu -p, il faut mettre-- 2 p. & aa
contraire silyaen 4 r, il faut mettre --4 7, ou s'ilyaeu
--1, il faut mettre +- 4 7. &foit qu'il y ait eu + 4, ou
_ == g, il fauttoufiours mettre -- g4, & —+ pp. au moins fi
onfuppofe que x+, & y ¢ font marqués du fignes +,
car ce feroit tout le contraire fi on y fuppofoit le fi-
gne --.

Parexemplefion a4+ x **—-4xx-- 8 x 4 g5 204
ilfaucefcrireenfonlicuy®--8y+ -- 1247y--64 0. car
laquantit¢que iay, nommée p eftant -- 4, il faut mertre
--8y*pourzpy+. &celle, queiay nommee reftant 3y,

il faur mettre 7 gy, c'eft a dire -- 1244y, an lien de

* ﬁi yy- & enfin g eftant 8, il faut mettre -- 64, pour .- 49
Toutdemefmeau lieude + x4 ¥ -- 17 xx -- 20 ¥--6 V0.
il faut efcrire =y €349+ 315y 4c0D0,
Car 24eftdouble de 17, & 313 en eft le quarr€ ioint an
quadruple de s, & 400 eftle quarré de 2o.
Tout de mefme aufly aulieude
L —pn? Sa4
+ {4'—*:-2“::{{ --aic{i—;f:ce o,

11 faut efcrire

.-t
6 kaa --A4 244620
-y\nzn y et g e aach o.

Carpeft+ faa--cc, &pp,eftfate-aacc + ¢4, & 4r

eft-- S$a*+ aacc,&enfin--ggcft--2°.- 2 a%cc --dac *.
Aprés que 'Equationeft ainfi reduite a trois dimen-
fions, il faut chercher la valeur d’yy par la methode defia
expliquee; Et fi celle ne peut eftre trouu€e , on n'a point
' befoin
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[222]

For the ambiguous™ sign put -+2p in the second expression if -+
occurs in the first; but if —p occurs in the first, write —2p in the sec-
ond; and on the contrary, put —4r if 47, and +4» if —r occurs; but
whether the first expression contains 4q or —q we always write —g?
and -2 in the second, provided that #* and y® have the sign - ; other-

wise, we write +¢? and —p% For example, given

2t —4x* —8x4+35=0
replace it by
y° — 8y* — 124y — 64 =0.

For since p = —4, we replace 2py* by —8v*; and since » — 35, we
replace (p*—4r)y® by (16—140)y? or —1244*; and since ¢ =38, we
replace —q* by —64.
Similarly, instead of
2t — 174 — 204 —6=0
we must write
¢ — 349 4 313y — 400 =0,

for 34 is twice 17, and 313 is the square of 17 increased by four times 6,
and 400 is the square of 20.
In the same way, instead of

+z‘+<%az—¢2>zz (e +ad)z =gt~ Loz o,

we must write
1+ (@2 —22)34 + (A —at)y? — a® — 2a%2 — a?%* = 0;
for
1. a_ 1 4 4 S a2
p=—F5a— pP="rat—ad?P+ A dr=—"1a'+ a2
2 4 4
And, finally,
_ qz — — a% — 2a*c® — a%ct,
When the equation has been reduced to three dimensions, the value
of y* is found by the method already explained. If this cannot be

2] Descartes wrote “pour les signes 4 ou — que j’ai omis.”
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done it is useless to pursue the question further, for it follows inevit-
ably that the problem is solid. If, however, the value of y* can be
found, we can by means of it separate the preceding equation into two
others, each of the second degree, whose roots will be the same as
those of the original equation. Instead of 4 #* & pa? &= qx + r =0,
write the two equations

2 1 2 1 4
+ yx+2y_2p+_2y_0
and l 2+l +,Ag__
+x2+yx+2y_2]5_2y_0,

. . . 1 . .
For the ambiguous signs write + > 2 in each new equation, when 2
it . 1 . . .
has a positive sign, and — ?p when p has a negative sign, but write

+ -2% when we have —yx,and — Ziy when we have + yx, provided ¢ has

a positive sign, and the opposite when ¢ has a negative sign. It is then
easy to determine all the roots of the proposed equation, and conse-
quently to construct the problem of which it contains the solution, by
the exclusive use of circles and straight lines. For example, writing
9® — 34y* 4+ 313y* — 400 = 0 instead of x* — 1722 — 20x — 6 —0 we
find that y? — 16; then, instead of the original equation

44t — 172 — 20 —6=0

write the two equations + #? —42r — 3 =0 and +2244r42=0.

For,y=4,%y2=8,p=l‘7,q=20, and therefore
1, 1,9 _ _
t VT gt = 73
and 1

1 q
a2 = 2
+ 5 2.t>+2y—+2.
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befoinde pafleroutre; caril fuit de 12 infalliblement,
que le problefme eft folide. Mais fi on la trouve , on
peut diuifer par fon moyen la precedente Equationen
deuxantres, enchafcune defquelles la quantit€ incon-
nuén auraque deuxdimenfions, & dont les racines fe-
ront les mefmes que les ficnes. A fgauoir,aulieude

+x4tpax.qx. r 00,
il faat efcrire ces deux autres

+xx--yxtzyy.3p. Z} 0, &

-l—xx—l-'_yx-i-';yy.';p.f; 0.

Et pour les fignes + & -- que iay omis, s’ilya-+ pen
I'Equation precedente, il faut mettre + % p en chafcune
decellescy; &-- 3 p,s'ilyaen l'autre -- p. M ais il faut
mettre -+ ;1] sencelleoily a--y x; & -- f—;, encelle ot il
ya-yx,lorfquily a + genlapremiere. Et au con-

- . g . .
traire s'il y a-- g, il faut mettre-- =, en celle. ot il y a

-y x; & + z—],en celleonilya -+yx. Enfuite dequoy
il eft ayf¢ de connoiftretoutes les racines de I'Equation
propofée, & par confequent de conftruire le problefme,
dontelle contient lafolution, fans y employer que des
cercles, & deslignes droites.

Par exemple a caufe que faifant

¥y -3ay* —+313yy- 400 0 o, pour
%, *--17x%--20x--6 0, ontrouue que yyeft 16, on-
doiiaulien de cete Equation
4 x*"--17xx0-20%-- 20% -~ 6 00, efcrire ces deux

Ccc autres
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autres + xx--4%--300. Ett+xx--4x-+220.
caryefts,zyyelt8,pet 17, & g eft 20, de fagonque
+5yy - %p--z—]fait--g, &-+Lyy --—p—l— fait + 2. Et
tirantles racines de ces deux Equations, ontrouue tou-
tes les mefmes , que fionles tiroitdecelle ou eft x4, a

{cauoir on en trouue voe vraye, quieft ¥ 7 -+ 2,& trois
fanfles, quifont / 7--2, 2+ ¥ 2, &2+ 2.

Ainfi ayantx *-- 4 x% --§ x+ 35 20 o,pourceque laracine

dey®--8y* - 124yy - 64 00, eft derechef 16, il faut
efcrire

xXx-=4% 1 500, 8&xx-+4x+ 700,

Caricy - 3yy--3p --"falt s.&t+iy-Ltp +\
fait7. Et pourcequ ‘ot ne troune aucune racine, ny
vraye, ny fauffe ,en ces deux dernieres Equations , on
connoiftde k2 que les quatre de I'Equation dont elles
procedent font imaginaires; & que le Problefme, pour
lequelonla trouuée, eftplan de fanature ; mais qu'il

ne fgauroit en aucune fagon eftre conﬁrmt acaufe que
les quantités donncesne peuuent fe joindre.

‘Tout de mefme ayant

,*—l* aa} --a’} .
e SR ace {--—aaw 0»

pourcequ’on trouue 44 ~+ ¢¢ pouryy, il faut efcrire
22 - Vaa—+cc 3+ 3as - faV aa+cc 00, &
RtV aa+o3+5aa+ 30 v aa+ 0.

Caryeﬁt‘l/aa—f-cc &+ LYyy+ speitiaa, 8ci

eftia ¥/ aa- aa—i—cc. D’odonconnoift que la valeurde 3
eft.
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Obtaining the roots of these two equations, we get the same results as
if we had obtained the roots of the equation containing #*, namely, one
true root, w/7+ 2, and three false ones, N7 — 2,24+ \/?, and2 — V2.
Again, given x*—4x2—8x+435 =0, we have y*—8y*—124y>—64 =0,
and since the root of the latter equation is 16, we must write
22—4x45 =0 and #4247 =0. For in this case,

1, 1., ¢
t YTl Ty, =5

and 1, 1 g _
+ 55+ 2y = 7.
Now these two equations have no roots either true or false,"™ whence
we know that the four roots of the original equation are imaginary;
and that the problem whose solution depends upon this equation is
plane, but that its construction is impossible, because the given quanti-
ties cannot be united.”
Similarly, given

A+ <%a2— 3)22—(a3+ae2)2+156a‘—%a2¢2=0,

since we have found y* = a* 4 ¢2, we must write

22— VNa? 42z + ‘Z—az—%a‘\/a2+t2=0,
and

22+ VNa? 4+ 2z + *2-a2+ %aﬂa2+£2=0.

‘:’1 That is, all its roots are imaginary.
1 That is, the given quantities cannot be taken together in the same problem.
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For y = Va?+ 2 and +%yz+-§~p=% and Zi_ aVa?+22, then

we have

1 5 v
Z=—2* a2+¢2+\/-—;-a2+%£2+‘;"a a2+£2

or

1 —
=5 Vd+l— —%az+%£2+%a\/;2+c".

Now we already have 2z + %a = x, and therefore x, the quantity in

the search for which we have performed all these operations, is

1
O T s

To emphasize the value of this rule, I shall apply it to a problem.
Given the square AD and the line BN, to prolong the side AC to E, so
that EF, laid off from E on EB, shall be equal to NB.

Pappus showed that if BD is produced to G, so that DG —= DN, and
a circle is described on BG as diameter, the required point E will be
the intersection of the straight line AC (produced) with the circum-
ference of this circle.”™

Those not familiar with this construction would not be likely to dis-
cover it, and if they applied the method suggested here they would
never think of taking DG for the unknown quantity rather than CF
or FD, since either of these would much more easily lead to an equa-

2] Pappus Lib. VII, Prop. 72, Vol. II, p. 783. The following is in substance
the proof given by Pappus. He first gives an elaborate proof of the following
lemma: Given a square ABCD, and E a point in AC produced, EG perpendicular
to BE at E, meeting BD produced in G, and F the point of intersection of BE and
CD. Then CD?+ FE?=DG.? Then he proceeds as follows: By the construc
tion given in the problem, DN’=BD?+ BN”. By the lemma, DG’=CD+FE%.
By construction, BD = CD and DG = DN. Therefore, FE = BN.
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eft s ¥ aa+ co+ ‘V..-‘Iaa—l— ¢ +av an 4 co

oubien 3 ¥ aa + cc--’f/--;‘aa—l-;‘i ¢+ Latv aa—ce.
Et pourceque nous auions fait cy deflus g + 4420,
nous apprenons que la quantitex, pour la connoiffance
de laquelle nous auons fait toutes ces operations, eft

clelgee /L L v o5 T B
Fia+ 7 jaatgoc-. ¥ LecLaaLa v aa o

AlC

B .

Mais affin qu'on puiffe micux connoiftre I'vtilit¢ de Extmple

cere reigle il faut que ie Fappliquea quelq; Problefme. de ces re-

Silequarré A D, &la ligne B N eftant donnés, il faut %™
prolongerle cofte A Ciufquesa E,enf{orte qu’E F, tirce
d’E vers B, foit efgale a NB. On apprent de Pappus,
qu'ayant premierement prolong¢BD iufquesa G , en
forte que D G foit efgale 2 D N, & ayant defcrit vn cer-
cledont le diametre foit BG, fi on prolonge la ligne
droite A C, elle rencontreralacirconference de ce cer-
cleaupoint E, qu'ondemandoit. Maispour ceux quine
fcauroiet point cete céftructionelle feroit aflésdifficile
a rencdtrer, & en la cherchat par Ja methode icy propo-
{ée, ilsne saviferoi€t iamais de prédre D G pour la qua-
tit€ inconnué, maisplatoft CF, ou F D, a caufe que ce
Ccc 2 font
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font elles qui conduifent le plus ayfement a['Equatid: &
lorsils en tronueroiét vne qui ne feroit pas facile a deme-
fler, fansla reigle que ie viens d’expliquer. Carpofanta
pourBDouC D, &cpour EF ,& xpour DF,onaCF
0 a--x,8&come CF oug--*,eft aT Eouc,ainfiF Doux,

. cx . .
efta BF,quiparconfequent eft /—. Puisacaufedutri-

anglere¢tangle BD F, d_ont les coftés font I'vn x & Fau~
tre o, leurs quarrés,’'qui font x x +- 2 4, font efgaux ace-

. ccxx .
luy de labaze; quieft 7 == de fagon que multi-
pliantle tout par xx--24x-+aa, on trouue que I'E-

quationeft x ¢--24%* -+ 2aaxx--2 a3 x -+ a*0cc xx,
oubien x*--24x3 ¥ yx.c2a5x-+a*200e. Eton
connoift par les reigles precedentes,que fa racine, qui

eftlalongeurdelaligne DF,eft L 4 -1~ ¥/ ta o+ ico

- 1/74".'“" '?. aa +'—ia V‘am
Quefionpofoit BF, ouCE, ouBE pour la quantitd
inconnué, on viendroit derechefa voe Equation, en la-
quelleil y auroit 4 dimenfions, mais qui feroit plas ayfée
adémefler, & ony viendroit affés ayfement ; au lieu que
fic’eftoit D G qu'on fuppofaft, on viendroit beaucoup
plus difficilement a 'Equation, mais auffy elle feroit tres
fimple. Cequeie metsicy pourvous auertir, que lorfe
que le Problefime propofén’eft point folide, fi enle cher.
chant par vo chemin on vient avne Equation fort com.
pofee,on peut ordinairement venira vneplus fimple, en
le cherchant parvn autre.
Ie pourrois encore aioufter diverfes reigles pour de-
meller les Equations, qui vont au Cube , ou au Quarre
de
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tion. They would thus get an equation which could not easily be solved
without the rule which I have just explained.
For, putting @ for BD or CD, ¢ for EF and » for DF, we have

CF = a—u, and, since CF is to FE as FD is to BF, we have
a—zx:c=ux:BF,

whence BF = —fj—x Now, in the right triangle BDF whose sides are

xand a, xz—l—a'g, the sum of their squares, is equal to the square of the
cix?

—2ax+ta? Multiplying both sides by

hypotenuse, which 15

x?—2ax4-a*
we get the equation,
xt—2ax* 20?22 —203r+-a* = c*a?,
or
xt—2ax3+ (2a2—c?) x> —2a°xta* =

and by the preceding rule we know that its root, which is the length of
the line DF, is

—‘14‘\/ a+—c —\/——c——a+ a\/a+c

If on the other hand, we consider BF, CE, or BE as the unknown
quantity, we obtain an equation of the fourth degree, but much easier
to solve, and quite simply obtained.”™”

Again, if DG were used, the equation would be much more difficult
to obtain, but its solution would be very simple. I state this simply to
warn you that, when the proposed problem is not solid, if one method
of attack yields a very complicated equation a much simpler one can

usually be found by some other method.

1129 Taking BF as the unknown quantity, the resulting equation is
xt + 2cx3 + (e2 — 28%) 42 — 20%cx — 02¢2 = 0.
Rabuel, p. 487.
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I might add several different rules for the solution of cubic and
biquadratic equations but they would be superfluous, since the con-
struction of any plane problem can be found by means of those already
given.

I could also add rules for equations of the fifth, sixth, and higher
degrees, but I prefer to consider them all together and to state the
following general rule:

First, try to put the given equation into the form of an equation
of the same degree obtained by multiplying together two others, each
of a lower degree. If, after all possible ways of doing this have been
tried, none has been sucessful, then it is certain that the given equation
cannot be reduced to a simpler one; and, consequently, if it is of the
third or fourth degree, the problem depending upon it is solid; if of
the fifth or sixth, the problem is one degree more complex, and so
on. I have also omitted here the demonstration of most of my state-
ments, because they seem to me so easy that if you take the trouble
to examine them systematically the demonstrations will present them-
selves to you and it will be of much more value to you to learn them
in that way than by reading them.
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de quarré, maiselles feroient fuperflucs; car lorfque les
Problefmes font plans ,on en peut toufiours trouuer la
conftruction par cellescy.,

Ie pourrois auffy en adioufter d autres pour les Equa~ Regle
tions qui montent infques au furfolide, ou au Quarré de %f:i‘:if
cube, ou au dela, mais i’ayme mieux les comprendre duireles
toutes en vne, & dire en general, que lorfqu’on atafche Eﬂu;;’f? :
de les reduire a mefme forme, que celles d'antant de di- fncle
menfions, qui vienent de la multiplication de denx au- duye.
tresquien ont moins, & qu'ayant dénombré€ tous les
moyens, par lefquels cete multiplication eft poffible, la
chofe n’a pti fucceder par ancun, on doit s'affurer qu’el-
lesne fgauroient eftre reduites a de plusfimples. En for-
te que fila quantit€ inconnué a 3 on 4 dimenfions, le Pro-
blefme pourlequel on la cherche eft folide; & fielle ena
5,0n6,il eft d'vn degré plus compofé; & ainfi des autres.

Aurefte i’ay omis icy les demonftrations de laplus
part de ce queiay dit a caufe qu’elles m’ont fembl¢ i fa-
ciles, que pourviique vous prenies la peine d’examiner
methodiquement fiiay failly,elles fe prefenterontavous
d'elles mefme: & il feraplus vtile de lesapprendre en ce-
te fagon, qu'enles lifant.

Or quand on eft affuré, que le Problefne propofé eft 2<55¢
folide, foit que I'Equation par laquelle on le cherche pourcon-
monte au quarré de quarré , foit qu elle ne monte que gy Jes
iufques au cube, on peut toufiours en trouuer la racine problel:
par 'voe des trois fections coniques, laquelle que ce foit e
ou mefme par quelque partie del'vie d’elles, tant petite daits 3
qu'elle poiffeeftre; en ne feferuat aurefte que de lignes f,Eitia'ae
droites,8&decercles. Mais ie me contenteray icy de ;‘;;ts:‘;l_

Ccc 3 donner menfions.
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donner vne reigle generale pourles trouuer toutes par le
moyend’vne Parabole, a caufe qu’elle eft en quelque fa-
gonla plus fimple.

Premierement il faut ofter le fecond terme de 'Equa-
tion propof¢e, s’il n’eft defia nul, & ainfi la reduire a tel-
leforme, 3* 20™*.2p 3. a aq, filaquantite inconnué n'a
que trois dimenfions; oubien atelle, 3* 0 ™. ap33. aaqz,
a1 fielie ena quatre;oubien en prenant 4 pour I'vaité,
atelle, 32" pz.q, &atelle

ALY £ A AR

Aprds
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Now, when it is clear that the proposed problem is solid, whether
the equation upon which its solution depends is of the fourth degree or
only of the third. its roots can always be found by any one of the three
conic sections, or even by some part of one of them, however small,
together with only circles and straight lines. 1 shall content myself
with giving here a general rule for ﬁnding them all' by means of a para-
bola, since that is in some respects the simplest of these curves.

First, remove the second term of the proposed equation, if this is not
already.zero, thus reducing it to the form 2* — +apz=+a’q. if the given
equation is of the third degree, or z* = =+apz?+a*qz+a’r, if it is of the
fourth degree. By choosing @ as the unit, the former may be written

195



GEOMETRY

2 = +pz=+q and the latter 2z*= +pz?+gz+7r. Suppose that the para-
bola FAG (pages 194-198) is already described; let ACDKL be
its axis, @, or 1 which equals 2AC, its latus rectum (C being within the
parabola), and A its vertex. Lay off CD equal to p so that the points
D and A lie on the same side of C if the equation contains +p and on
opposite sides if it contains —p. Then at the point D (or, if p =0, at
C), erect DE perpendicular to CD, so that DE is equal to }g,
and about E as center with AE as radius describe the circle FG, if the
given equation is a cubic, that is, if 7 is zero.
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Apreés cela fuppofant que la Parabole FA G eft defia
defcrite, & quefonaiffieueft AC DKL, & que fon co-
{té droiteft s, ou 1, dont A Ceft lamoiti¢, & enfin que
e point Ceft au dedans de cete Parabole, & que A eneft
le fommet; 11 faut faire C D20 3p, & laprendre du mef-
me cofté, yu'eftle point A auregard du point C, s’ilya
=~ p enl'Equation; maiss’il y a-- p il faut la prendre de
Pautre cofte. Et du point D, oubien, fi la quantité

peftoitnulle,du point Cil faut eflever vne ligne a an-
glesdroitsinfques aE, en forte qu'elle foit efgale a5 4.
Etenfinducentre Eil faut defcrire le cercle FG, dont

le
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le demidiametre foit
AE, fi 'Equation
n'eft que cubique, en
forte que la quanti-
tér foit nulle, Mais
quand il ya + il
faut dans cete ligne
A E prolongeée, pren-
dre d’vn cofte A R
efgalear, & del'autre
AS efgale au cofté
droit de la Parabole
qui eft 1, 8 ayantde-

{crit vn cercle dont le diametre foit R S, il faut faire A H

198

perpédiculaire fur
AE,laquelleA H
rencontre ce cer-
cleRHS au point
H,qui eft celuy par
ou lautre cercle
F H G doit paffer.
Et quandily a -- 7
il faut aprés auoir
ainfi trouuélaligne
AH, infcrire AT,
qui luy foit efgale,
dans vn autre cer-
cle, dont A E foit
le diametre, & lors
c'eft par le pointI,

que



THIRD BOOK

If the equation contains -+ 7, on one side of AE produced, lay off
AR equal to 7, and on the other side lay off AS equal to the latus
rectum of the parabola, that is, to 1, and describe a circle on RS as
diameter. Then if AH is drawn perpendicular to AE it will meet the
circle RHS in the point H, through which the other circle FFEIG must
pass.

If the equation contains — 7, construct a circle upon AE as
diameter and in it inscribe AI, a line equal to AH;*" then the first
circle must pass through the point 1.

7 That is, draw a chord equal to AH.
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Now the circle FG can cut or touch the parabola in 1, 2, 3, or 4
points; and if perpendiculars are drawn from these points upon the
axis they will represent all the roots of the equation, both true and
false. If the quantity g is positive the true roots will be those perpen-
diculars, such as FL, on the same side of the parabola, as E,”™ the
center of the circle; while the others, as GK, will be the false roots.
On the other hand, if g is negative, the true roots will be those on the
opposite side, and the false or negative roots™ will be those on the
same side as E, the center of the circle. If the circle neither cuts no:
touches the parabola at any point, it is an indication that the equation
has neither a true nor a false root, but that all the roots are imagi-
nary.”™

This rule is evidently as general and complete as could possibly be
desired. Its demonstration is also very easy. If the line GK thus con-
structed be represented by z, then AK is 22, since by the nature of the
parabola, GK is the mean proportional between AK and the latus rec-
tum, which is 1. Then if AC or }, and CD or 1p, be subtracted from
AK, the remainder is DK or EM, which is equal to 22—3p—3% of which
the square is

AmpP—t P ) Pt
4 4 .4
And since DE=KM = % g, the whole line GM =z+—:21~ ¢, and the square
of GM equals 2*+4gz+ %qz. Adding these two squares we have
1 ,, 1, 1 1
#—pitort L I+ P+ 5ty

28] That is, on the same side of the axis of the parabola.

291 4T es fausses ou moindres que rien.” This is the first time Descartes has
directly used this synonym.

%% Tt may be noted that Descartes considers the cubic as a quartic having zero
as one of its roots; Therefore, the circle always cuts the parabola at the vertex.
It must then cut it in another point, since the cubic must have one real root. It
may or may not cut it in two other points. It may cut it in two coincident points
at the vertex, in which case the equation reduces to a quadratic.
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quedoit pafler F1G le premier cercle cherché. Orce
cercle F G peut coupper, ou toucher la Paraboleent,
ou 2, 0u 3, ou 4 poins, defquels tirant des perpendiculai-
res {ur laiflieu, onatoutesles racines de I'Equation tant
vrayes, que fauffes. A {gauoir fila quantitcq eft marquee
du figne -+, les vrayes racines feront celles de ces per-
pendiculaires, qui fe trouueront du mefmecofté dela
parabole, que E le centreducercle, comme FL; & les
autres, comme G K, feront faufles : Mais au contraire fi
cete quantit¢ g eft marquee dufigne -- les vrayes feront
cellesdel'antre cofté; & les faufles, ou moindres que
rien ferontdu coft¢ouelt E lecentre du cercle. Eten-
fin fice cercle ne ccuppe,ny ne touche la Parabole en au-
cun point, cela tcfmoigne qu’il n’y a aucune racine ny
vraye ny faufle en I'Equation, & qu’elles font toutes
jmaginaires. Enforte que cetereigle eft la plus genera-
le, & la plus accomplie qu’il foit poflible de fou-
haiter.

Etlademonftration en eft fort ayfée. Cat fi la ligne
G K, trouuée par cete conftruction , fenomme g, AK
fera g 3, acanfedelaParabole , en laquelle GK doit
eftre moyene proportionelle,entre A K, & le cofte droit
quieft 1.puisfide A Ki'ofte A C, quieft £, & CD qui
eft ;p,ilrefte DK,ouEM, quieft 33--3p - %, dont le
quarré eft
3t --pR-xxHEpp+ip+32. &acaufe queDE, ou
KMeft;4,latoute G Meft 3+ 5 4, dont le quarré eft

1

3+ 93+ ¥ 99, &affemblant ces deux quarrés, ona
LA A Kt S Rt v A ¥
Ddd pour
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pourle quarréde laligne G E, acaufequ'elleeft 1a baze
dutriangle re¢tangle EM G.

Maisa caufe que cete mefme ligne GE eft le demi-
diametre du cercle F G, ellefe peut encore expliquer en
d'autres termes,a fgauoirE D eftant 3¢, & AD eftant
2p+2EAeht vV 4qq+ Pp'l- 3 p+ facaufedel'an-
gledroit ADE, pus HA eﬁant moyene proportionelle
entre A S quieft 1 & ARquieft r,elle eft ¥’ &acau-
fede l’angle drotEA H le quarréde HE ,, ou E G eft
29q+5pp -+ip -+ § 1 fibienque il y a Equation

entre
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for the square of GE, since GE is the hypotenuse of the right triangle
EMG. '
But GE is the radius of the circle FG and can therefore be expressed

in another way. For since ED =13 ¢, and AD=1} p+ }, and ADE is
a right angle, we have

1 1 1 1
EA= |24 — 44 & —

Then, since HA is the mean proportional between AS or 1 and AR or 7,

HA= \/7; and since EAH is aright angle, the square of HE or of EG is
1 1, 1, 1
49+ 4/’+ 5 p+ 2 + 7,

and we can form an equation from this expression and the one already
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obtained. This equation will be of the form 2z* = pz*—qz-}r, and there-
fore the line GK, or z, is the root of this equation, which was to be
proved. If you will apply this method in all the other cases, with the
proper changes of sign, you will be convinced of its usefulness, without
my writing anything further about it.
Let us apply it to the problem of finding two mean proportionals

between the lines a and ¢. It is evident that if we represent one of the

3
z
T Thus we have an

8N,

2
mean proportionals by z, then a:2=2: i

3
equation between ¢ and Z—'g, namely, 23=ad%g.

Describe the parabola FAG with its axis along AC, and with
AC equal to }a, that is, to half the latus rectum. Then erect CE
equal to } ¢ and perpendicular to AC at C, and describe the circle AF
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entre cete fomme & la precedente. cequieft le mefme
que 3 * " p33 -- 9 3+ r.& par confequent la ligne trou-
vee GK qui a efté nommeée z eft la racine de cete Equa-
tion. ainfi qu'il falloit demonftrer. Et fivousappliqués
ce mefme calcul atous les antres cas de cete reigle, en
changeant les fignes -+ & -- felon I'occafion , vous y
trouuerés voftre conte en mefme forte,fans qu'il foit be-

tloin que ie m’y arefte.

Sion veut donc fuinant cetereigle trouuer denx mo-
yennes proportionelles entre les lignes a & g; chafcun
fgait que pofant g pourl'vne, comme 4 eft 2 3, ainfi

z3

22 %z-, &zf a —:defagonqu’ily a Equation entre g & L'inucn-

aad

tionde
z ¥ ’ . d -
s Ceftadire, 33 50* *244.EtlaParabole F A G eftant y:::;;‘; .
ortio-
Ddd - de- lr)u’.llt:s.
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defcrite, auec la partic de fon aiflien A C, quieftiala
moiti¢ du cofté droit ; il faut du point C efleuer laper-
pendiculaire C E efgale ; 4,8 ducentre E, parA, de-
fcrinant le cercle AF, ontrouue FL, & L A, pour les
deux moyennes cherchees.

T'out de mefme fi on veut diuifer 'angle N OP, ou-
“{: df:ffé? bienl'arc, ouportion decercle N QT P, en trois par-
vnangle ties efgales; faifant N O 2 1, pourle rayondau cercle, &
295 NP 20 ¢, pour la fubtendue de I'arc donné, & N Q23,
pour la fubtendue du tiers de cet arc ; I'Equation

vient,
3330 %3g--¢. Car ayant tiré les lignes NQ, O Q,
O T, & faifant QS parallelea T O, on voit que comme
NOQeftaN Qai’n_ﬁ NQaQR,&QRaRs§; enforte
que
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about E as center, passing through A. Then FL and LA are the
required mean proportionals.”™

Again, let it be required to divide the angle NOP, or rather,
the circular arc NQTP, into three equal parts. Let NO=1 be
the radius of the circle, NP = g be the chord subtending the given arc,
and NQ =z be the chord subtending one-third of that arc; then the
equation is 2 =3z—¢q. For, drawing NQ, OQ and OT, and drawing
QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as
QR is to RS. Since NO =1 and NQ = 2, then QR = 2* and RS = 2°;
and since NP or g lacks only RS or 2* of being three times NQ or 2, we
have ¢ = 3z—2z% or 2* = 32—q."™

Describe the parabola FAG so that CA, one-half its latus rectum,

1
shall be equal to ;, take CD= 3 and the perpendicular DE= —- 5 g;

then describe the circle FAgG about E as center, passing through A.
This circle cuts the parabola in three points, F, g, and G, besides the
vertex, A. This shows that the given equation has three roots, namely,
the two true roots, GK and gk, and one false root, FL.* The smaller

1) This may be shown as follows: Draw FM L to EC; let FL=2z. From
the nature of the parabola, FL’=a.AL; AL= %2; E_CQ+CI—§2=EK23 EM? M’

—_— 2 2 2
=EF%; EA2=%+a ; EM?>=(EC — FL)?= (% q—-z) ; FM’=CL’= (AL—AC)?

)

2 2 2
= ~-——;—);E =% _gtet G-+ "—. But EF=EA.

.‘..lh

.9 "_=l _ et L a
-~ 4+4 ) qz+z+ :2+
whence z3 = a?q.
1%2) ANOQ is measured by arc NQ;
Z QNS is measured by  arc QP or arc NQ;
LSQR— QOT is measuregfl{)y arc QT or NQ;

AOQN LNQ

NQ=NQ: QR—QR RS.
QR-—"- RS = zaLetOTcutNPatM
NP_ZNR+MR_2NQ+

=2NQ+MS—R

=2NQ+QT —R

=3NQ —RS.
Org=23z— 2%

Rabuel, p. 534

@ G and g being on the opposite side of the axis from E, and F being on the
same side.

207



GEOMETRY

of the two roots, gk, must be taken as the length of the required line
NQ, for the other root, GK, is equal to NV, the chord subtended by
one-third the arc VNP, which, together with the arc NQP consti-
tutes the circle; and the false root, FL, is equal to the sum of QN and
NV, as may easily be shown.”™

It is unnecessary for me to give other examples here, for all prob-
lems that are only solid can be reduced to such forms as not to require
this rule for their construction except when they involve the finding
of two mean proportionals or the trisection of an angle. This will be
obvious if it is noted that the most difficult of these problems can be’

4] For proof, see Rabuel, page 535.

1 Tet AB=b; EB==MR=mk=NL=c¢; AK=t; Ak==s; AL=r;
KG=y; kg=z FL=v.Then GM=y+¢, gm=z+¢, FN=v—¢, GK’=a.AK,

2 2 2

at=y2, I=J-;—,gk2=a AR, as=2%, s=%, FL’=a.AL, ar=1%, r=%,
y?
ME=AB—-AK=64— «

2 2 E— e PR
mE=b—% EN:’;._b EG’=EM? +MG?
EA’=AB’4 BE?

— 2 4
EG'=o-"" 4 Lty tayt o
13 2 2. 2 2 .
2ab = ""_Zﬂy_fﬂl 2ab :Izs +2azc+a 2
y3+202c+a?y _ £8+2a%c+a’z
y reae Ty . LEEEE
202c = 22y + 2y
Similarly,
2a%c = 12y — vy?
2y+ 2y = vy — vy? 22— 22 =vytazy
v—z=y v=y+z FL =KG+4¢
Rabuel, p. 540.
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que N O eftant 1,& N Qeftant 5, QReft 33, &R Seft
%z’ Etacaufe quiils’en faut feulement R S, ou 3%, quela
ligne NP, qui eft ¢, ne foit triple de N Q_, quieft 3, ou
2423 g--3’oubien,

10735 g.

Puis laParabole F A G eftant defcrite , & C A la moi-
tic’de fon cofté droit principal e{tant 1z fion prent CD

3, & laperpendiculaire DE 0 4, & que du centreE,
par A ondefcrinelecercle FA g G, il couppe cete Pa-
raboleaux troispoins F, ¢,& G, faus conter le pomtA
qui eneft le fommet. Ce qui mouftre qu'ily artrois raci-
nesen cete Equation, a fgauoirlesdeux G K, & g &, qui
font vrayes; & latroifiefme qui eft faufle, 4 fcauoir F L.
Etdeces deuxvrayes c’eft g£ laplus petite qu’il faur
prendre pourlaligne N Q qui eftoit cherchée. Carl'au-
tre GK, eftefgalea N V, lafubtendue de la troifiefme
particdel'arc N V P, qui auec l'autre arc N Q_P acheue
lecercle. Etlafaufle F L elt efgale aces deuxenfemble
QN & NV, ainfi qu’il eft ayfé avoir parlecalcul.

1l {eroit fuperflus que iem’areftaffe a donner icy d’an- Que rous
tres exemples; car tous les Problefmes qui ne font que Lelef;;:;
folides fe peuuent reduirea tel point,qu’on n‘aaucun be- f"c’l']iism‘"e
foinde cetereigle pour les conftruire finon entant qu’el- Feduirea
le fert atrouuer deux moyennes proportionelles,oubien ¢ feex
adiuifer vn angle en trois partiesefgales. Ainfi que vous ions.
connoiltres en confiderant, que leurs difficultes peuuent
tounfiours eftre comprifes en des Equations, quine mon-
tent que infque au quarré de quarré, ouaucube : Et que
toutes celles qux montent an quarré de quarré , fe redui-
fent au quarrd, parle moyen de quelques autres , qui ne

Ddd 3 montent
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398 LA GEOMETRIE
montent que infques au cube: Et enfin qu'oh peut-ofter
le fecond terme de cellescy. En forte qu'il n’y en a point
quinefe puiffereduirea quelq; vnede cestrois formes.
210t - p g,
POFpr+g.
310 A+pg-- g
Orfionag*o*.-pz-+¢, lareigle dont Cardan at-
tribue l'inuention a vanommé Scipio Ferreus , nous ap-
prent quelaracineeft,

VCAyg+ 7509+ 50 * 7 Cxig+ v gq+5p
Commeauffylorfqu'onaz’ 0*+pz+4, & quele
quarrd dela moiti€du dernier terme eft plus grand que
le cube du tiers de la qoantité connué du penultiefme,
vne pareille reigle nousapprent que la racineeft,
Cotbg+759q-5p + ¥ Cotig-- Vigg-55p>
D’ou il paroift qu'on peut conftruire tous les Problef-
mes, dont lesdidicultes{e reduifent al'vae de ces deux
formes, fans auoir befoin des fetions coniques pour au-
tre chofe, que pour tirer les racines cubiques de quel-
ques quantité données, ceft a dire, pour trouuer deux
moyennes proportionelles entre ces quantites & I'vnit.
Puisfionag’® *+pz+4q, & que le quarré de la
moitié du dernier terme nefoit point plus grand que le
cube du tiersde la quantité connué du penultieflize, en
fuppofant le cercle N Q P V,dont le demidiametre NO
foit ¥ p, c'eftadire la moyenne proportionelle entre
letiers dela quantité donnée p & I'vnite; & fuppofant

aufly la ligne N P iufcrite dans ce cercle qui foit ’-;1

ceft
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expressed by equations of the third or fourth degree; that all equa-
tions of the fourth degree can be reduced to quadratic equations by
means of other equations not exceeding the third degree; and finally,
that the second terms of these equations can be removed; so that every
such equation can be reduced to one of the following forms:

2= —patg 2= +pztg 2= +pz—q
Now, if we have 2 — —pz-}g¢, the rule, attributed by Cardan™? to one
Scipio Ferreus, gives us the root

oy s vl e e v

Similarly, when we have 2* = +4pz+q where the square of half the
last term is greater than the cube of one-third the coefficient of the
next to the last term, the corresponding rule gives us the root

9+\/49—97ﬁ +\/2 9_\/49_97,93

It is now clear that all problems of which the equations can be
reduced to either of these two forms can be constructed without the
use of the conic sections except to extract the cube roots of certain
known quantities, which process is equivalent to finding two mean pro-
portionals between such a quantity and unity. Again, if we have
2* = -} pz-+q, where the square of half the last term is not greater
than the cube of one-third the coefficient of the next to the last term,

describe the circle NQPV with radius NO equal to \/—;—p, that is to
the mean proportional between unity and one-third the known quantity
p. Then take NP = }— that is, such that NP is to g, the other known

=8 Cardan; Liber X, Cap. XI, fol. 29: “Scipio Ferreus Bononiensis iam annis
ab hinc triginta ferme capltulum hoc inuenit, tradidit uero Anthonio Mariz Flor-
ido Veneto, qui ci1 in certamen cii Nicolao Tartalea Brixellense aliquando uenisset,
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis-
ser, suppressa demonstratione, freti hoc auxilio, demonstrationem queliuimus,
eamque in modos, quod diffcillimum fuit, redactam sic subjecimus.”

See also Cantor, Vol. II (1), p. 444; Smith, Vol. II, p. 462.

=7 Descartes wrote this:

\/C +~—q+\/ 99+ 71>“ + q+\/4 w+27ﬁ'
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quantity, as 1 is to —;—p, and inscribe NP in the circle. Divide each of

the two arcs NQP and NVP into three equal parts, and the required
root is the sum of NQ, the chord subtending one-third the first arc, and
NV, the chord subtending one-third of the second arc.™

Finally, suppose that we have 2° = pz—gq. Construct the circle NQPV

whose radius NO is equal to\/%‘b, and let NP, equal to%’-, be in-

scribed in this circle; then NQ, the chord of one-third the arc NQP,
will be the first of the required roots, and NV, the chord of one-third
the other arc, will be the second.

An exception must be made in the case in which the square of half
the last term is greater than the cube of one-third the coefficient of the
next to the last term ;™ for then the line NP cannot be inscribed in
the circle, since it is longer than the diameter. In this case, the two

=51 Tt may be noted that the equation 23 = 32 — g may be obtained from the
cquation 5% = 32+ g by transforming the latter into an equation whose roots have
the opposite signs. Then the true roots of 53 =3z — g are the false roots of
23 =35+ q and vice-versa. Therefore FL = NQ+ NP is now the true root.

129 The so-called irreducible case.
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ceftadire quifoit a I'autre quantité donnée 4 comme
Ivnitdeft antiers de p; il ne faut que dinifer chafcun des
deuxarcs N Q P & NV Pentrois parties efgales, &on
aura N Q, la fubtendue dutiers de I'vn, & N V la fub-
tendue du tiers de P'autre, quiiointes enfemble compo-
feront laracine cherchee.

Enfinfiona 3> 0*p 3--4, en fuppofant derechef le

cercle N Q PV, dont le rayon N O foit ¥ p, & linferi-

te NP{oit %P, NQlafubtendué dutiers de I'arc NQP fe-

ral'vnedesracinescherchées, & NV la fubtendue du
tiersde lautre arc feral'autre. Aumoinsfi le quarré de
la moiti¢ du dernier terme, n’elt point plus grand, que le
cube dutiers de la quantité connué du penultiefme. car
s'il eftoit plus grand,laligne N P ne pourroit eftre infcri-
tedanslecercle , acaufe quelle feroit pluslongue que

fondiametre: Ce quiferoit caufe que lesdeux vrayes ra-
cines
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400 I.A GeomEeTRIE,
cines de cete Equation ne feroient qu'imaginaires , &
quilny enauroitdereelles que la faufle, qui foivant Ia

reigle de Cardan feroit,

—_— =
VCAq+VEqgq-p + YV Chg - v g5,

Ls f;’c:n Aurcfteileft aremarquer que cete fagon d’exprimer
)’:::'3:3' lavaleur des.racines parle r?pport qu'elles ont aux co-
toures les {tés de certains cubes dont il n’y alquele contenu qu'on
:;‘s"'éf connoiffe, n'eft enrien plusintelligible, ny plus fimple,
quations que de les exprimer par le rapport qu'elles ont aux fub-
cubiques: rendués de certains arcs, ouportionsde cercles , dont
de toutes e triple eft donné, En forte que toutescelles des Equa-
celles qui . s cubiques qui ne peuuent eftre exprimées par les

nemon-

feedue reiglesde Cardan, le peuuent eftre autant ou plus claire-
quarré de ment par la fagonicy propofce. :

quarré, Car fi par exemple , on penfe connoiftre la racine de
cete Equation, 3320 * -- 43 -+p. a caufe qu'on fgait
welleeft compofee de deux lignes. dont I'voe eft le
coftéd’vn cube, duquelle contenu eft % ¢, adioufte au

coft¢ d'vn quarr¢ , duquel derechef le contenu eft

% 4q-- 53 p ' Etlautre eftle cofted’vn autre cube, dont

Ie contenu eftladifference ,"qui eft entre % 4, & le coftd

de ce quarr¢dont le contenueft 3 99-- 3£ p3, quieft tout

ce qu'on enapprent par lareigle de Cardan.Ilny apoint

de doute qu'on ne connoiffe augant ou plus diftinéte-

ment laracine de celle ¢y, 3*0*-+¢-- p, enla confi-
derant infcrite dansvn cercle, dont le demidiametre eft

¥ §p, & fgachant qu'elle y eft la fubtendué d'va arc

dontletriple apour fafubtendue 2, Mefme ces ter-

’ .
mes
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roots that were true are merely imaginary, and the only real root is the
one previously false, which according to Cardan’s rule is

1 1, 1 </1_ T, 1
2q+\/?9 _Qﬁﬁs"' 29_\/4q—27ﬁs-

Furthermore it should be remarked that this method of expressing the
roots by means of the relations which they bear to the sides of certain

™9 is in no respect clearer or

cubes whose contents only are known
simpler than the method of expressing them by means of the relations
which they bear to the chords of certain arcs (or portions of circles),
when arcs three times as long are known. And the roots of the cubic
equations which cannot be solved by Cardan’s method can be expressed
as clearly as any others, or more clearly than the others, by the method
given here.

For example, grant that we may consider a root of the equation

2* = —qz-+p known, because we know that it is the sum of two lines

of which one is the side of a cube whose volume is l, q increased by the
ide of h .1, 1 4 . .

side of a square whose area is - ¢’ — 57 2%, and the other is the side of

another cube whose volume is the difference between % ¢ and the side

of a square whose area is -}1— 7 — )1—7 2% This is as much knowledge of

the roots as is furnished by Cardan’s method. There is no doubt that
the value of the root of the equation 2* — 4-gz—p is quite as well
known and as clearly conceived when it is considered as the length of a

chord inscribed in a circle of radius 4 ‘% 2 and subtending an arc that

is one-third the arc subtended by a chord of length %q

139 Descartes here makes use of the geometrical conception of finding the cube
root of a given quantity.
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Indeed, these terms are much less complicated than the others, and
they might be made even more concise by the use of some particular

#1 just as the symbol ¥ 7 is used to

symbol to express such chords,
represent the side of a cube.

By methods similar to those already explained, we can express the
roots of any biquadratic equation, and there seems to me nothing fur-
ther to be desired in the matter; for by their very nature these roots
cannot be expressed in simpler terms, nor can they be determined by
any constuction that is at the same time easier and more general.

It is true that I have not yet stated my grounds for daring to declare
a thing possible or impossible, but if it is remembered that in the method
I use all problems which present themselves to geometers reduce to a
single type, namely, to the question of finding the values of the roots
of an equation, it will be clear that a list can be made of all the ways of
finding the roots, and that it will then be easy to prove our method the
simplest and most general. Solid problems in particular cannot, as I
have already said, be constructed without the use of a curve more com-
plex than the circle. This follows at once from the fact that they all
reduce to two constructions, namely, to one in which two mean pro-

1241 This is another indication of the tendency of Descartes’s age toward sym-
bolism. This suggestion was never adopted.

21 Tn Descartes’s notation, |- C.
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mes font beaucoup moins embaraflés que les autres , &
ils {e trouueront beaucoup plus cours fi on veut vier de
quelque chiffre particulier pour exprimer ces fubten-
dués, ainfi qu'on fait duchiffre #"C. pour exprimer le
cofté des cubes.

Eton peut aufly en fuite de cecy exprimer les racines
de toutes les Equations qui montent iufques au quarré
de quarrc, par lesreigles cy deflus expliquees. En forte
queie ne fgache riende plus a defirer en cete matiere.
Careafin lanature de cesracines ne permet pas quon
les exprime entermes plus fimples, ny qu'on les deter-
mine par aucune conftruction qui foit enfemble plus ge-
nerale & plus facile.

1l eft vray que ie n’ay pas encore dit fur quelles raifons Pgurl;q
ie me fonde, pour oferainfi affurer, fi vne chofe eft poffi- 3o

problef-

ble, ounel’eft pas. Mais fion prent garde comment, par ¢ If:‘l-
lamethode dont ieme fers, tout ce qui tombe fous la peuuent

confideration des Geometres fe reduift a vn mefme gftre con-
genre de Problefmes , qui eft de chercher Ia valeur des fanslesfe-
racines de quelque Equation ; on iugera bien quiln’eft ﬁi‘:l':;ws
pasmalayfdde faire vo dénombrement de toutes les vo- ny cets
yespar lefquelles on les peut trouuer, qui foit fuffifant q{’u‘“"o";_
pour demonftrerquon a choifila plus generale & laplus PofclS fans
uclques
fimple. Et particulicrement pour cequi eft des Problef- 32"}
mes folides, que 1ay dit ne pounoireftre conftruis, fans B plus

qu'on y employe quclque ligne plus compofée que la fees.
circulaire, c’eft chofe qu'on peut affés trouuer, de ce
quiilsfe rcduxfent tous adeux conftru@ions ; en I'vne
defquelles il faut auoir tout enfemble les deux poins,qui
determinent deux moyenes proportionelles entre deux
Eec ligues
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lignes données; & en l'autre les deus poins, qui divifent
en trois parties efgales vn arc donné: Car d’autant que la
courbure du cercle ne depend, que d’vn fimple rapport
de toutes fes parties, au point qui en eft lecentre ; on ne
peut aufly s’en feruir qu a determiner vn feul point entre
deux extremes,comme atrouuer vhe moyenne propor-
tionelle entre deux lignes droites données, ou divifer en
deux vnarc donné: Aulien que la courbure des fe@ions
coniques, dependant toufioursde deux diuerfes chofes,
peut aufly ferunir a determiner deux poins differens.

Mais pour cete mefme raifonil eft impoflible , qu‘au-
cundes Problefmes qui font d’vn degré plus compofes
quelesfolides, & qui prefoppofent 'inuention de quatre
moyennes proportionelles,oula divifion d’vn angle en -
cing parties efgales, puiffent eftre conftruits paraucune
desfections coniques. C'eft pourquoy ie croyray faire en
cecy tout le mieux qui fe puiffe,fiie donne vne reigle ge-
nerale pour les conftruire, eny employantla ligne cour-
be qui fe defcrit par l'interfectio d’vne Parabole & d’vne
ligne droite en lafagon cy defflus expliquée. car i’ofe af-
furerquilny ena point de plus fimpleen la nature, qui
puiffe feruira ce mefme effect; & vous auce v(i comme
elle fuitimmediatement les fections coniques, en cete
queftion tant cherchée par lesanciens, dontla foldtion
enfeigne par ordre toutes leslignes courbes, qui doivent

Facony, €ftrereceucs en Geometrie. :

nerale Vousfgaues defiacomment, lorfqu'on cherche les
Rouire quantités qui font requifes pour la conftrution de ces
rousles - problefmes, on les peut toufiours reduire a quelque E-

Problef-

mes re-  quation,qui ne monte que iufques au quarré de cube, ou
duits a '
an
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portionals are to be found between two given lines, and one in which
two points are to be found which divide a given arc into three equal
parts. Inasmuch as the curvature of a circle depends only upon a sim-
ple relation between the center and all points on the circumference, the
circle can only be used to determine a single point between two
extremes, as, for example, to find one mean proportional between two
given lines or to bisect a given arc; while, on the other hand, since
the curvature of the conic sections always depends upon two different

41 it can be used to determine two different points.

things,

For a similar reason, it is impossible that any problem of degree more
complex than the solid, involving the finding of four mean proportion-
als or the division of an angle into five equal parts, can be constructed
by the use of one of the conic sections.

I therefore believe that I shiall have accomplished all that is possible
when I have given a general rule for constructing problems by means
of the curve described by the intersection of a parabola and a straight
line, as previously explained ;*? for I am convinced that there is noth-
ing of a simpler nature that will serve this purpose. You have seen,
too, that this curve directly follows the conic sections in that question
to which the ancients devoted so much attention, and whose solution
presents in order all the curves that should be received into geometry.

28] As, for example, the distance of any point from the two foci. Descartes
does not say “all points on the circumference,” but “toutes ses parties.”
241 See page 84.
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When quantities required for the construction of these problems are
to be found, you already know how an equation can always be formed
that is of no higher degree than the fifth or sixth. You also know how
by increasing the roots of this equation we can make them all true, and
at the same time have the coefficient of the third term greater than the
square of half that of the second term. Also, if it is not higher thau
the fifth degree it can always be changed into an equation of the sixth
degree in which every term is present.

Now to overcome all these difficulties by means of a single rule, I
shall consider all these directions applied and the equation thereby
reduced to the form:

Y=y +qyt—ry*+sy*—ty+u =0

in which q is greater than the square of § p.
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aufurfolide. Puisvous fgaue's aufly comment, enaug- vaeEqua.

mentant la valeur desracines de cete Equation , on peut tion qui

toufiours faire qu’elles deuienent toutes vrayes; & auec plus de

cela que la quatité connué dutroifiefme terme foit plus ﬁ:: [f;;s
; - .

grande quele quarré de la moitié de celle du fecond:Et

enfin comment, {i elle ne monte que iufquesau furfoli-

de, onlapeuchaufleriufquesau quarréde cube ; & fai-

te quela place d’aucun defes termes ne manque d'eftre

remplie.  Or affin que routes les difficultes, dontil eft

icy queftion, puiffent eftre refolués par vne mefmerei-

gle, ie defire qu'onface toutes ces chofes, & par ce

moyen qu'on les reduife toufiours a vne Equation de

telle forme,

yo--py'tqyte-ry’tayy--ty-voo,

8 en laquelle la quantit¢ nommde 4 foit plus grande

quele quarré de la moiti€ de celle qui eft nommée p.

Eec 2 Puis
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Puis ayant fait a
D ligne B K indefi-
niement longue
des deux coftés;
& du point B
ayant tiré la per-
pendiculaire A B,
dontla longueur
foir} p;il faurdans
vn planfeparé de-
Icrire vne Para-
bole, comme C
D F dont Ie cofté
droit principalfoit

s

V%—"" 9 "i PP,
que ie nommeray
7 pour abreger.
Aprés cela il faut
pofer le plan dans
lequel eft cete Parabole fur celuy ou font lesli gnes AB &
BK, enforte que fonaiffieu D E fe rencontre juftement
au deffus de la ligne droite BK: Et ayant pris lapar-
tie de cet aiffieu, qui eft entre les poins E & D, efgale 2

'%’, il faut appliquer fur ce point E vne longue reigle,

en telle fagon qu'eftantaufly appliquee for le point A
du plande deflous, elle demeure toufiours iointe a ces
deux poins, pendant qu'on haufferaon baiffera la Para-

bole
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Produce BK indefinitely in both directions, and at B draw

[245)

AB perpendicular to BK and equal to $p. In a separate plane
describe the parabola CDF whose principal parameter is

4 1 e
\/«/7*9 27

which we shall represent by #.

Now place the plane containing the parabola on that containing the
lines AB and BK, in such a way that the axis DE of the parabola falls

2
along the line BK. Take a point E such that DE = _p‘rln?'l’ and place a

ruler so as to connect this point E and the point A of the lower plane.
Hold the ruler so that it always connects these points, and slide the
parabola up or down, keeping its axis always along BK. Then the

251 This does not mean in a fixed plane intersecting the first, but, for exam-
ple, on another piece of paper.
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point C, the intersection of the parabola and the ruler, will describe
the curve ACN, which is to be used in the construction of the proposed
problem.
Having thus described the curve, take a point L in the line BK on the
g
\/u. then lay

concave side of the parabola, and such that BL =DE= o

!
off on BK, toward B, LH equal to m, and from H draw HI

perpendicular to LLH and on the same side as the curve ACN. Take
HI equal to

A Nu P

n’ 4 Vu

27*
which we may, for the sake of brevity, set equal to % Join L and I, and

describe the circle LPI on LI as diameter; then inscribe in this circle

the line LP equal to \/ ﬂ;/_z Finally, describe the circle PCN about
n

I as center and passing through P. This circle will cut or touch the
curve ACN in as many points as the equation has roots; and hence the
perpendiculars CG, NR, QO, and so on, dropped from these points
upon BK, will be the required roots. This rule never fails nor does it
admit of any exceptions.

For if the quantity s were so large in proportion to the others, p, g,
7, t, u, that the line LP was greater than the diameter of the circle
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boletout lelongdelaligne BK, furlaquelle fon aiffieu
eft appliqué au moyen dequoyl'interfection de cete Pa-
rabole, & de cete reigle, qui fe fera au point C , defcrira
laligne courbe A C N, quieft celle dont nous auons be-
foinde nous feruir pour la conftruction du Problefme
propofé. Caraprés qu'élle eft ainfi defcrite, fi on prent
le point L enlaligne B K, du eofté vers lequel eft tourné
lefommetdela Parabole & qu’'on face BL efgalea D

E, Ceft adire é : Puis du point L , vers B , qu'on
prene en la meﬁne ligne BK , la ligne LH, efgale &
mvas &quedu point H ainfi trouué, on tire 2 angles
droits, du cofte queft la courbe A CN,laligneHI,

dontla longeur foit *-i- —!—

295 480 V'z/’

qui pour abreger

»s .
fera nommée —: Etaprés,ayantioint lespoins L & I,

qu'ondefcrivelecercle L PI, dontIL foitle diametre;
& qu'on infcriue en ce cercle la ligne L P dont la lon-

Vw

geur foit : Puis enfindu centre I, par le point P

ainfitrouné, qu'ondeéfcriue lecercleP CN. Ce cercle
couppera ou touchera laligne courbe A CN, enautant
depoins qu'il y aurade racines en I'Equation : Enforte
que les perpendiculaires tirées de ces poins furlaligne
BK,comme C G, N R, QO, & femblables, ferontles
racinescherchees. Sans qu’ily ait aucune exceptionny
aucun deffaut en cete reigle. Car fi la quantité s cftoit
figrande, a proportion des autres p, ¢, 7, ¢, & v, que lali-
gne L P fe trouuaft plus grande quele diametre du cer-

Ece 3 cle
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clel L,enforte quelle n'y puft eftre infcrite, il ny auroit
aucune racine en’Equation propofee qui.ne fuft imagi-
naire: Non plus que file cercle IP eftoit fi petit, qu'il ne
coupatft la courbe A C Nenaucunpoint. Etillapeut
couper en fix differens , ainfi qu’il peut y auoir fix
diverfes racines en 'Equation. Mais lorfqu'il la coupe
enmoins , cela tefmoigne qu’il y a quelaues vnes de
ces racines qui font efgales entre elles , oubien qui ne
font qu'imaginaires.

3T
3v.

N 2T

~

2V

A<T H
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LI,™ so that LP could not be inscribed in it, every root of the pro-
posed equation would be imaginary ; and the same would be true if the
circle IP™" were so small that it did not cut the curve ACN at any
point. The circle IP will in general cut the curve ACN in six differ-
ent points, so that the equation can have six distinct roots.” But if
it cuts it in fewer points, this indicates that some of the roots are equal
or else imaginary.

#1That is, the circle IPL, of which the diameter is ¢, page 222.

271 That is, the circle PCN.

%5 The points determining these roots must be points of intersection of the
circle with the main branch of the curve obtained, that is, of the branch ACN,
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If, however, this method of tracing the curve ACN by the transla-
tion of a parabola seems to you awkward, there are many other ways
of describing it. We might take AB and BL as before (page 226), and
BK equal to the latus rectum of the parabola, and describe the semi-
circle KST with its center in BK and cutting AB in some point S.
Then from the point T where it ends, take TV toward K equal to BL
and join S and V. Draw AC through A parallel to SV, and draw SC
through S parallel to BK; then C, the intersection of AC and SC will
be one point of the reqilired curve. In this way we can find as many
points of the curve as may be desired.
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Quefila'fagon de tracerlaligne A C N par le mouue-
ment d'vne Parabole vous femble incommode, il eft ay-
fé¢de trouuer plufieurs autres moyens pour la defcrire.
Comme fiayant les mefmes quantités que deuant pour
AB &B L;& lamefme pour B K,qu’on auoit pofée pour
le coftédroit principal de la Parabole;on defcrit le demi-
cercle KS T dont le centre foit pris a difcretion dansla
ligne BK, enforte qu'il couppe quelg; partlaligne A B,
comme au point S, & que dupoint T, du il finift,on pre-
nevers K la ligne T V, efgalea BL; puis ayant tiré la li-
gne SV, quonen tire voe autre , qui luy foit parallele,
par le point A, comme A C; & qu’on en tire aufly vne
autre par S,qui foit parallelea BK, comme S C; le point
C,ou ces deux paralleles fe rencontrent,feral'vo de ceux
delaligne courbe cherchée. Et onen peuttrouuer, en
mefme forte,autant d’autres qu'onen defire.
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Orlademounftration detout cecy eft aff¢s facile. car
appliquant lareigle A E auec la Parabole E D fur le point
C; comnmeil eft certain qu'elles peuuent y eftre appli-
quéesenfemble , puifque ce point C eften lacourbe
A C N, qui eft defcrite par leur interfeGtion ; i CGfe

nomme y,G DferaZ , a caufe que le coft¢ droit, qui
cftn,eft 2 CG,comme CGaGD.&oftant DE, quieft

Vv

—

pn?

2C

/0

230

BT

v

2T

2v

w<w A

de GD,on h’;{ - %, pour G E. Puis 2 caufe que

A BeftaBE, comme
CGeltaGE; AB
eftant 3 p , BE eft
fr Y
-yt

Et tout de mefme
en fuppofant que le
point Cdelacourbe 2
eft¢'trouud par l'inter-
fe&io des lignes droi-
tes, SC parallele 2 B

K, & AC parallele a
SV. SBquieftefgale

ACG,efty: & BK
eftant efgale au coft¢
droit de la Parabole,
que jay nomm¢ z#, B

TeftZ, car comme

KBeftaBS, ainfiBS
et aBT. Ec TV
eftant
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The demonstration of all this is very simple. Place the ruler AE
and the parabola FD so that both pass through the point C. This can
always be done, since C lies on the curve ACN which is described by

the intersection of the parabola and the ruler. If we let CG=y, GD

2
will equal Z-, since the latus rectum # is to CG as CG is to GD. Then
. n

2
DE = 2 \/7, and subtracting DE from GD we have GE = r_ Q[Z
pn ) n pn
Since AB is to BE as CG is to GE, and AB is equal to } p, therefore
BE= ‘3': — —n—;-. Now let C be a point on the curve generated

by the intersection of the line SC, which is parallel to BK, and
AC, which is parallel to SV. Let SB=CG =y, and BK =#, the

2
latus rectum of the parabola. Then BT —7-, for KB is to BS as BS is
n
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2vVu
— pn

is to BV as AB is to BE, whence BE =};Ji — %;i as before. It is evi-

2Vu
pn

2
to BT, and since TV=BL= we have BV=% - . Also SB

dent, therefore, that one and the same curve is described by these two
methods.

Furthermore, BL = DE, and therefore DL — BE ;also LH = ! —
. 2nVu
and pL-? _ Yu
2n ny
py Nu L

therefore DH=LH+DL= 25"y T oavn

yﬂ
Also, since GD= o

- _ty _Nu —_¥
GH_DH_GD_Z ny +2n\/u n

y  Nu ¢ v
n
which may be written
1 2 .
e S
GH= u

ny
and the square of GH is equal to
1 ¢ Pt £ >
6 pSa (T p2 L 4 P N3y (2 2_
¥—py +<41> w)y +<2~/Z+ 2ﬁ>y +<4u pVu )y —ty+u
n’y?

Whatever point of the curve is taken as C, whether toward N or

toward Q, it will always be possible to express the square of the seg-

ment of BH between the point H and the foot of the perpendicular
from C to BH in these same terms connected by these same signs.
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o p,, , BV eft
’—j--z &commeSBeﬁaBV ainfiAB eft2a BE, qui

n

eftant 1a mefme que BL , C'elt a dire>

eft par confequent 5, £ 7 comme deuant,d’ol on voit

que c’eft vine mefme ligne courbe qui fe defcrit en ces
deux fagons.

Apréscela, pourceque BL & D E font efgales, D L &
BE le font auffy: de fagon qu'adiouftit L H, quieft

wV'u

ADL, qulc&—--,‘s, on 2 la toute DH , qui oft
L & en oftint G D , qui cﬂ:’;{-

- .
2% :.»V'v 2

ona GH qui cft T 7;:, Ceque i‘efcris

parordre encete forte GH--y -+ pyy + f‘{—v -1/;'0;

ny
Etle quarrc !de GH eft,

ympy-y %‘:’V” y +PV”}yy--ty+v
e

2 Vo 4

nn
Et en quelque autre endgit de cete ligne courbe qu'on
veuille imaginer le point C, comme vers N, ou vers Q,
ontrouuera toufiours que le quarré de 1a ligne droite,
quieft entre le point H & celuy oit tombe laperpendicu-
laire du point C fur BH, peut eftreexprimcen ces mef-
mestermes, & auec les mefmes fignes -~ & --.

DcplusIHcﬁantm,, & L H eftant ;;,iv—v, IL eft

1/:':" 5 W — 3 caufe del'angledroit IH L; & LP eftat
Fff v
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1/'mm 13 s pVu
i T T = -= o » & caufe aufly de langle

droit 1 P L. Puisayant fait C M perpendiculaire fur I H,
I Meftladifference quieft entreIH, & HMou CG,

- m y)
Cefta dire entre -, & y , en forte que fon quarré

nn?

eft toufiours 3‘;”: - %’ -+ yy, qui eftant oft¢ du quarre
de
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. m t
Again, IH=77, LH:W’ whence

o S A

L= \/Z‘_ P
i S

since the angle THL is a right angle ; and since

LP=|5+2 ‘/‘,"
n n

and the angle IPL is a right angle,

m' £ s pwl:i
IC=IP=\/n4 + PR 2

Now draw CM perpendicular to IH, and

m .
772_.1')

IM=HI-HM=HI-CG=

2
whence the square of IM is Z—:z; - 2—;"2—'1' +52
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Taking this from the square of IC there remains the square of CM, or

£ s _plw 2wy
42’0 n? n® nt ’

and this is equal to the square of GH, previously found. This may be

written
2

— t
— 7 - 2myP—pNu 3'2—53/24-41‘ P

”2y2

Now, putting
t 1
Nu y'+ay'— ?P’y‘

for n*y*, and

pt
3 N3 3
r»+2Nuyi+ ry

for 2my?, and multiplying both members by n®y*, we have
1 ¢ Pt I —
6_pp5y (= 42t Pt N3y (E 2_
Aot t (7= (Ve f e (o s
equals
R LI W Y2 3<t_2__ >z
<4}5 q G)J’ +<7'+2"/;+ 2ﬁ>y + 1z s PG ¥,
Y —py+qyt—ry’+sy*—ty+u =0,

whence it appears that the lines CG, NR, QO, etc., are the roots of this
equation,

or

If then it be desired to find four mean proportionals between the
lines a and b, if we let x be the first, the equation is #°—a*b =0 or
x%—a*bxr =0. Let y—a=x, and we get

y*—6ay”+15ay* —20a°y*+15a*y* — (6a°+-a*b) y+a®+-a°b — 0.
Therefore, we must take AB — 3a, and BK, the latus rectum of the
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. 1 s Vo 2m
de1C, il refte — .. = B2 .2,

4 nnv nn nn nn

pourle quarré de CM, qui eft efgal au quarre'de G H de-
fiatroun¢. Oubien en faifant que cete fomme foit diui-
{ee commel'autre par 7 yy, ona

- 113 .
—nnyt-amy? --vayy--:yy+a.yy. Puis
7myy
remettant v-tv}' ftgyt - TPyt pouranyt 5 & '

ry}i 2V vy ’+£;y 5,pour 2 my? : & multipliant
I'vne & l'autre fomme par nnyy, on a

PALS TAR ai%y‘i"zﬁf”}y ’_'!'_P'i” gy ty v

-+ 1 TV 4
st efgala
R +r —~pV o
Vil(ys =270y - s Cyy
-q _'___L - t
"l"ipp 1V )
Ceftadirequona,

S-pyttqyt--ry’tsyy.-tyd-voo0

D’ou il paroift queleslignes CG, N R, QO, & fembla-
bles font lesracines de cete Equation, quieft ce qu’il fal-
loit demonttrer.

Ainfidoncfion veut trouuet quatre moyennes pro-
portionellesentreleslignes 4 & &, ayant pofe x pour la
premiere , I'Equation eft xs**** .. 444200 oubien
xEFMRI _ashx* 0.0, Et taifanty == a0 xil vient
yi--6aytisaayt--208 yt15atyy’ f,‘:; }j;:;ao 0.
C’eft pourquoyil faut prendre 3 & pour la ligne AB, &
V64 Hasb .

——=-1- 6 ga pour BK, oule cofte droit de laPa-

Vaagab
Fff 2 rabole
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rabole queiay nommé ». &;—: ¥ as—+ ab pour D E ou
BL. Et aprésauoir defcrit la ligne courbe ACN fur

. . . . 64’ 'k asb
la mefure de ces trois, il faut faire LH, 0 ——
wnVaagab.
10as an  ,—— 18atjadh
— e -] . 5
&HI;DM’. M‘{/aa - ab =+ &LP

nnVaar ab,

Visargea SVazgal
au point I paflera par le point P ainfi trovue, couppera la
courbeaux deux poins C& N ; defquels ayant tiré les
perdendiculaires NR & CG, fi la moindre, N R, eft
oftée delaplus grande, CG, lerefte fera, x, la premiere
des quatre moyeannes proportionelles cherchees.

1lef} ayfé en mefme fagon de divifer vn angle en cing
partiesefgales, & d'infcrire vne figure d'vnze ou treze
coftés efgauxdans v cercle, & de trouuer vae infinite
d'autres exemples de cetereigle.

Toutefoisileft a remarquer, qu’en plufieurs de ces
exemples, il peut arriver que le cercle couppe fi obli-
quement la parabole du fecond genre; que le point de
leur interfecionfoit difficile a reconnoiftre: & ainfi que
cete conftrution ne foit pas commode pour la pratique.
A quoyilferoit ayf¢deremedier en compofant d'autres
regles, al'imitation de cellecy , comme on en peut
compofer de mille fortes.

Mais mondeflein n'eft pas de faire vn gros liure, &
ie tafche plutoft de comprendre beaucoup en peu de
mots: comme oniugera peuteftre que iay fait , fion con-
fidere, qu'ayant reduit 2 vne mefme conftruction tous

les

Car le cercle qui ayant fon centre
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parabola must be
6a3+a’b 2
~——— +6a
Val+ab
which I shall call #, and DE or BL will be

2a Na?+ab.
3n
Then having described the curve ACN, we must have
3 2
LH=-82tab
2n \/a“’+ab
and
10a et ab 18a+ 3a%
H e I 5.
222 A a+ab
and

LP= ; \/15a2+6a \/a2+ab-

For the circle about I as center will pass through the point P thus
found, and cut the curve in the two points C and N. If we draw the
perpendiculars NR and CG, and subtract NR, the smaller, from CG,
the greater, the remainder will be #, the first of the four required mean
proportionals.™

This method applies as well to the division of an angle into five equal
parts, the inscription of a regular polygon of eleven or thirteen sides
in a circle, and an infinity of other problems. It should be remarked,
however, that in many of these problems it may happen that the circle
cuts the parabola of the second class so obliquely™ that it is hard to
determine the exact point of intersection. In such cases this construc-
tion is not of practical value.” The difficulty could easily be overcome
by forming other rules analogous to these, which might be done in a
thousand different ways.

261 The two roots of the above equation in y are NR and CG. But we know
that a is one of the roots of this equation, and therefore NR, the shorter length,
must be ¢, and CG must be y. Then r =y—a = CG— NR, the first of the
required mean proportionals. Rabuel, p. 580.

20 That i is, makes so small an angle with it.

111 This is especially noticeable when there are six real positive roots.
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But it is not my purpose to write a large book. I am trying rather
to include much in a few words, as will perhaps be inferred from what
I have done, if it is considered that, while reducing to a single construc-
tion all the problems of one class, I have at the same time given a
method of transforming them into an infinity of others, and thus of
solving each in an infinite number of ways; that, furthermore, having
constructed all plane problems by the cutting of a circle by a straight
line, and all solid problems by the cutting of a circle by a parabola ; and,
finally, all that are but one degree more complex by cutting a circle by
a curve but one degree higher than the parabola, it is only necessary to
follow the same general method to construct all problems, more and
more complex, ad infinitum; for in the case of a mathematical progres-
sion, whenever the first two or three terms are given, it is easy to find
the rest.

1 hope that posterity will judge me kindly, not only as to the things
which I have explained, but also as to those which I have intentionally
omitted so as to leave to others the pleasure of discovery.

[THE END]
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les Problefmes d’vn mefme genro, iay tout enfemble
donnéla fagon delesreduire 2 vne infinit¢ d'autres di-
uerfes; & ainfi de refoudre chafcun deux en voe infinité
de fagons. Puis outre cela qu'ayant conftruit tous ceux
qui font plans, en coupant d’'vn cercle vne ligne droite;
& tousceux qui font folides, en coupant auffy d'va cer-
cle voe Parabole; & enfintous ceux qui font d’'vn degré
plus compofes, encoupant tout de mefme d'vn cercle
voeligne quineft que d'va degre plus compofce que la
Parabole; il ne faut que fuiure lamefme voye pour con-
ftruire tous ceux qui font plus compofesalinfini, Caren
matiere de progreflions Mathematiques,lorfqu'on ales
deux outrois premiers termes, il n'eft pas malayf¢ de
trouuer lesautres. Eti’efpere que nos neueux me fgau-
ront gré, non feulement des chofes que iay icy expli-
. quees ; maisaufly de celles que iay omifes volontaire-
rement , affin de leur laiffer le plaifir de les inuenter.

FIN
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Ar grace & priuilege du Roy tres chre-

ftien il eft permis al' Autheur duliure in~
titulé Difconrs delas Methode €s'c. p/w la Dio-
pmqm /esM eteores,es la Geometrie ¢re. dele
faire imprimer en telle part que bon luy fem.
blera dedans 8 dehorsle royaumede France,
8 ce pcndant le terme de dix annees confe-
quutmcs a conter du iour qu’il fera parache-
uc dimprimer, fans qu aucun autre que le li-
braire qu'il aura choifile puiffe imptimer, ou
faireimprimer,en tout ny en partie, fous quel-
que pretexte ou deguifement que ce puifle
cftre; ny en vendre ou debiter d'autre impref-
fion quedecellequiaura eftc faite par fa per-
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fifcation de tous les cxemplaltes &c. Ainfi
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tresdonnees a Paris le 4 iour de May 1637. fi-
gnees par le Roy en fon confeil Ceberet &
_feelleesdugrand fceau de cireiaune fur fimple
queuc.,

I Autheur a permis 2 Jan Maire marchand
libraire a Leyde, dimprimer le dit liure & de
“iouirdudit priuilege pout letems & aux con-
ditionsentre eux accordeés.

Achené d'imprimer le 8. jour de Tuin 1637.
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By THE GRACE AND PRIVILEGE of the very Christian King, it is per-
mitted to the author of the book entitled Discourse on Method, etc.,
together with Dioptrics, Meteorology, and Geometry, etc., to have
printed wherever he wishes, within or without the Kingdom of France,
and during the period of ten consecutive years, beginning on the day
when the printing is completed, without any publisher (except the one
whom he selects) printing it, or causing it to be printed, under any pre-
text or disguise, or selling or delivering any other impression except
that which has been allowed, under penalty of a fine of a thousand
livres, the confiscation of all the copies, etc. This is more fully set forth
in the letters given at Paris, on the fourth day of May, 1637, signed
by the King and his counsel, Ceberet, and sealed with the great seal of
yellow wax on a 51mple ribbon.

The author has given permission to Jan Maire, bookseller at Leyden
to print the said book and enjoy the said privilege for the time and
under the conditions agreed upon between them.

The printing is completed the eighth day of June, 1637.
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